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Abstract: Two models of pricing European options are presented and 
compared in this paper, i.e. the Heston model and the double Heston model. 
As the models belong to the class of stochastic volatility models, particular 
attention is paid to the way the characteristic functions and their inverse 
Fourier transforms are determined. The aim of the study is to investigate 
computational efficiency of pricing European calls. The method applied is 
based on the assumption that the prices of the derivatives are evaluated by 
means of Gauss-Kronrod quadrature.  
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INTRODUCTION 

2021 has seen a significantly increased interest in the options market. 
According to Options Clearing Corporation (OCC), over 850 million option 
contracts were traded in December, 2021, a 12,4% growth as compared to December, 
2020. Full year average daily cleared contract volume for 2021 was over 39 million, 
a 32,5% growth as compared to 20202. In the period analyzed, equity options were 
the fastest to gain the market share (a 33,7% growth as compared to 2020), followed 
by index and ETF options (8,8% and 5,1% increase, respectively, compared to 2020). 

                                                 
1  The views expressed in the article are the personal views of the author and do not express 

the official position of the institution in which he is employed. 
2  https://www.theocc.com/Newsroom/Press-Releases/2022/01-04-OCC-Clears-Record-

Setting-9-93-Billion-Total [access: 04.01.2022]. 
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In 2021 significant increase in trading options activity was reported among retail 
investors who were responsible for more than 25% of the total options trading 
volume. Easy access to commission-free online brokers was one of the main factors 
influencing the market structure. Such trading environment allowed retail investors 
to implement strategies based on execution of high-speed transactions.  

As vast majority of retail option traders in 2021 were involved in basic call or 
put contracts, numerous different models of pricing options could be applied. Among 
the possible approaches to the valuation of options the most popular is the Black-
Scholes model [Black & Scholes 1973]. The model has been widely used for years 
by both theoreticians and practitioners, because it enables fast obtainment of option 
prices. Unfortunately, this affects the accuracy of pricing, because the model is based 
on many unrealistic assumptions, e.g. constant variance of underlying asset’s returns. 
As a result, many alternative approaches to the valuation of options have been 
proposed. They all can be divided into three categories, i.e. pure jump models, jump-
diffusion models and stochastic volatility models (with all their variations). 

In the pure jump models it is assumed that the price of the underlying asset 
changes in a discrete manner. As the discontinuities in the price movements of the 
underlying asset can be modelled in a number of ways many different methods of 
pricing options have been proposed, e.g. Madan et al. [1998], Madan et al. [1991], 
Carr et al. [2002], Eberlein et al. [1998].   

An extension of the Black-Scholes model by possible discontinuities in the 
prices of the underlying asset allows for the valuation of options in the jump-
diffusion models, e.g. Merton [1976], Kou [2002]. The construction of the models is 
based on the assumption stating that the continuous changes in the prices of the 
underlying asset can be occasionally disrupted by jumps. In these models both the 
frequency and the amplitude of the jumps can be modelled using different processes. 

The stochastic volatility models assume the volatility of the underlying asset 
prices to be inconstant. The process responsible for the dynamics of the volatility 
can take different forms, depending on the model applied to the valuation of options 
[Heston 1993, Christoffersen et al. 2009]. It is worth noting that the stochastic 
volatility models are extended not only by changing the dynamics of the volatility, 
but also by introducing assumptions concerning the price dynamics of the underlying 
asset, e.g. Bates [2006]. 

The aim of the article is to compare the Heston model [Heston 1993] with the 
Christoffersen et al. model (further referred to as the double Heston model) 
[Christoffersen et al. 2009] in terms of computational speed, based on the example 
of pricing European calls. The article consists of several sections. In the first section 
two models of pricing European calls are formulated. In the second section the 
characteristic functions are applied to the process of option valuation. The third 
section includes the determination of the inverse Fourier transforms for the 
previously introduced characteristic functions. The speed of pricing European calls 
is also analyzed. Finally, the article has been summarized and major conclusions 
have been drawn. 
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THE HESTON AND THE DOUBLE HESTON MODELS 

In this section, the Heston and the double Heston models are formulated and 
then applied to the valuation of the European calls. For this purpose the originally 
derived characteristic functions and their inverse Fourier transforms are applied.   

The Heston model 

The derivation procedure of the Heston model [Heston 1993] starts from two 
equations: 

 ��� = ����� + �	�
�����,�. (1) 

 �	�
 = ��� − 	�
��� + ��	�
��
,�. (2) 
where: �� denotes the spot price of the underlying asset at time �, 	�
 is the 
instantaneous variance, �, �, �, � are the constants associated with the drift, the long-
term variance, the mean-reversion rate, and the volatility of the variance process, 
respectively. In the Heston model the Brownian motions �� and �
 are correlated 
with a constant �.    

Valuation of a European call is based on the following formula: 

 �����, 	�
, �� = ��������, 	�
, �� − ������
����, 	�
, ��. (3) 

where: � =  − �, ! is the risk-free rate, � is the exercise price, ������, 	�
, �� and �
����, 	�
, �� are unknown probabilities of expiring a European call in-the-money 
calculated as the inverse Fourier transform of characteristic function (for " = 1,2), 
i.e.: 

 �%����, 	�
, �� = �

 + �

& ' ℜ )*+,-./012,345,67,879:
,5 ; �<=> .  (4) 

where: ℜ(. ) is the real part of the subintegral function, , is the imaginary unit of the 
complex number, ?%,��<, ��, 	�
� is the characteristic function of �� = @A�� 
(corresponding to �%�4��, 	�2, �:). The remaining notation is the same as previously 
introduced. 

In the Heston model the general form of the characteristic function of �� 
(corresponding to �%�, for " = 1,2) is expressed in the following form: 

 ?%,��<, ��, 	�
� = �B2�5,��CD2�5,��879C,567.  (5) 

where: �%�<, �� = !,<� + E
F9 G4H% − ��,< + �%:� − 2@A )��IJ*K2L

��I2 ;M, N%�<, �� =
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, U = ��, H� = � + V − ��, H
 = � + V, 

W% = O2�FP,5CQ2O2�FP,5�Q2, �% = X4��,< − H%:
 − �
42T%,< − <
:.  
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The figure below presents the payoff functions of a European call in the 
Heston model (�����, 	�
, ��) assuming that: �� ∈ Z70, 130^, � = 100, 	� = 0.2, ! = 5%, � = 0.3, � = 1.5, V = 3, � = 0.04, � = 0.8 for different periods remaining 

to expiration, i.e. 
d��

d ∈ e0.01; 0.2; 0.5; 0.7; 0.9h. 
Figure 1. Payoff functions of a European call in the Heston model assuming that:  �� ∈ Z70, 130^, � = 100, 	� = 0.2, ! = 5%, 

d��
d ∈ e0.01; 0.2; 0.5; 0.7; 0.9h, 

 � = 0.3, � = 1.5, V = 3, � = 0.04, � = 0.8 

 
Source: developed by the author 

One of the Heston model features is its computational inefficiency. This is the 
result of the fact that in its original form two characteristic functions are used in the 
formula for the price of a European call. It makes the pricing process 
computationally more costly comparing to other approaches where only one 
characteristic function is implemented. This issue will be analyzed in more detail in 
the next section of this article. 

The double Heston model 

In the double Heston model [Christoffersen et al. 2009] three equations are 
used to describe the price process of the underlying asset, i.e.: 

 ��� = ����� + X	�,�
 �����,� + X	
,�
 ����
,�. (6) 

 �	�,�
 = ��4�� − 	�,�
 :�� + ��X	�,�
 ��i,�. (7) 

 �	
,�
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 − 	
,�
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X	
,�
 ��j,�. (8) 

where: �� denotes the spot price of the underlying asset at time �, 	�,�
 , 	
,�
  are two 
variance factors of the price process ��, �, ��, �
, ��, �
, ��, �
 are the constants 
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associated with the drift, the long-term variance factors, the mean-reversion rates, 
and the volatilities of the variance factors processes, respectively. In the double 
Heston model the Brownian motions �� and �
 are correlated with Brownian 
motions �i and �j with a constants �� and �
. 

The price of a European call in the double Heston model can be determined 
using the same formula as in the case of the Heston model except of the fact that the 
probabilities of expiring a European call in-the-money are calculated as follows:  

 ��Q�4��, 	�,�
 , 	
,�
 , �: = �

 + �

& ' ℜ )*+,-./01K345�,,67,8k,79 ,89,79 :
,567*lL ; �<=> .  (9) 
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where: ?Q�4<, ��, 	�,�
 , 	
,�
 : is the characteristic function of �� = @A��. The 
remaining notation is the same as previously introduced. 

In the double Heston model the general form of the characteristic function of �� differs from the one appearing in the Heston model and takes the following form:  

 ?Q�4<, ��, 	�,�
 , 	
,�
 : = �m�5,��Cnk�5,��8k,79 Cn9�5,��89,79 C,567.  (11) 

where: o�<, �� = !,<� + ∑ q2r2F29 G4�% − �%s%,< + �%:� − 2@A )��IJ*K2L
��I2 ;M
%t� ,  

u%�<, �� = q2�v2P2,5CQ2F29 R ��*K2L
��I2*K2LS,  W% = q2�v2P2,5CQ2O2�v2P2,5�Q2, and 

 �% = X4�% − s%�%,<:
 + �%
<�< + ,�. The remaining notation is the same as 

previously introduced. 

The figure below presents the payoff functions of a European call in the 
double Heston model (�Q�4��, 	�,�
 , 	
,�
 , �:) assuming that:  �� ∈ Z70, 130^, � =100, 	�,� = 0.2, 	
,� = 0.25,  ! = 5%, �� = 0.3, �
 = 0.35, �� = 1.5, �
 = 1.1, V = 3, �� = 0.04, �
 = 0.06, �� = 0.8, �
 = 0.2 for different periods remaining to 

expiration, i.e. 
d��

d ∈ e0.01; 0.2; 0.5; 0.7; 0.9h. 
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Figure 2. Payoff functions of a European call in the double Heston model assuming that:  �� ∈ Z70, 130^, � = 100, 	�,� = 0.2, 	
,� = 0.25, ! = 5%, 

 
d��

d ∈ e0.01; 0.2; 0.5; 0.7; 0.9h, �� = 0.3, �
 = 0.35, �� = 1.5, �
 = 1.1, V = 3, �� = 0.04, �
 = 0.06, �� = 0.8, �
 = 0.2 

 
Source: developed by the author 

It is worth noting that the double Heston model shares the same drawbacks as 
the Heston model. It means that in its original form it is inefficient. Luckily there are 
some other methods of calculating inverse Fourier transforms of characteristic 
function ?Q�4<, ��, 	�,�
 , 	
,�
 : which allow to lessen computational effort related to 
pricing European options. 

CHARACTERISTIC FUNCTIONS 

There are many approaches to determining characteristic function of �� and 
calculating its inverse Fourier transform [Carr & Madan 1999, Attari 2004, Bates 
2006 and Orzechowski 2018]. As some of the approaches has already been presented 
[Orzechowski 2020] in the later part of the article only formulas concerning the 
double Heston model are of interest. As before, for the purpose of the article, it is 
assumed that � = 0. The remaining notation remains consistent with the previously 
introduced. 

The double Heston model 

1. The Carr & Madan approach [Carr, Madan 1999] for x = 1: 

 �Q�4�0, 	1,02 , 	2,02 , 0: = �−xy
z ' ℜ {�−,<y �−! ?�|4<−�x+1�,,�0,	1,02 ,	2,02 :

x2+x−<2+,�2x+1�< }∞
0 �<. (12) 
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2. The Attari approach [Attari 2004]: 

�Q�4�0, 	1,02 , 	2,02 , 0: = �0 R1 + �@
z ' ℜ R �−,<@
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,>
 :S �<=> S. (13) 

where: @ = @A { �
��*l�}. 

3. The Bates approach [Bates 2006]: �Q�4�>, 	�,>
 , 	
,>
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4. The Orzechowski approach [Orzechowski 2018]: 
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It is worth noting that: ?Q�4<, �>, 	�,>
 , 	
,>
 :, �Q�4<, �>, 	�,>
 , 	
,>
 : as well as �Q�4<, �>, 	�,>
 , 	
,>
 : are characteristic functions determined by the following 
equations:  
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 , 	
,>
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 , 	
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 , 	
,>
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RESULTS 

The determination of the most efficient approach both in the Heston and the 
double Heston models, is based on the results generated with the use of codes 
developed in Mathematica 10.2. The methodology proposed in the research is 
compatible with the approach applied previously [Orzechowski 2020]. It means that 
the theoretical prices of European calls have been evaluated numerically by means 
of the Gauss-Kronrod quadrature. Additionally the graphs have been smoothed by 
averaging runs of five elements. It is also worth noting that hardware with the same 
characteristics has been used for the computation purposes. Cache memory has been 
cleared before starting codes allowing for the valuation of options.  

The results of the research carried out are shown in the graphs below - see 
Figures 3 and 4. 
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Figure 3. Computational speed in the Heston model assuming that: �� ∈ Z70, 130^, � = 100, 	� = 0.2, ! = 5%, � = 0.3, � = 1.5, V = 3, � = 0.04, � = 0.8 for  

(a) 
d��

d = 0.01, (b) 
d��

d = 0.2, (c) 
d��

d = 0.5, (d) 
d��

d = 0.7 and (e) 
d��

d = 0.9 
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Source: developed by the author 

Figure 4. Computational speed in the double Heston model assuming that: �� ∈ Z70, 130^, � = 100, 	�,� = 0.2, 	
,� = 0.25,  ! = 5%, �� = 0.3, �
 = 0.35, �� = 1.5, 

 �
 = 1.1, V = 3, �� = 0.04, �
 = 0.06, �� = 0.8, �
 = 0.2 for (a) 
d��

d = 0.01, 

(b) 
d��

d = 0.2, (c) 
d��

d = 0.5, (d) 
d��

d = 0.7 and (e) 
d��

d = 0.9 
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Source: developed by the author 
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The results obtained allow to state that the conclusions drawn previously 
[Orzechowski 2020] can be extended onto the double Heston model. It means that 
the computational efficiency of pricing European options depends on the way the 
characteristic functions and their inverse Fourier transforms are calculated. Such 
statement is correct not only for the Heston model, but also for the double Heston 
model used to pricing European options that are close to expiration. On the basis of 
Figures 3 and 4 it can be also easily concluded that the closer the time to expiration 
of the European options, the more computationally efficient is the method based on 
eq. 15. This is, however, not true for the European options close to the moment of 
their writing. In this case the results are more ambiguous.  

SUMMARY 

Two models of pricing European options, i.e. the Heston model and the double 
Heston model were analyzed in this article and then compared in terms of 
computational speed. Special attention in this regard was paid to the way the 
characteristic functions and their inverse Fourier transforms are calculated.  

On the basis of the results obtained it can be concluded that the closer the time 
to expiration the greater is the advantage of the method based on eq. 15, regardless 
the model being considered. At the same time the closer the time to writing European 
options the more blurred become the differences in efficiency between the models. 
It is also  important to note that these properties hold under the assumptions that the 
prices of the European calls are evaluated numerically by means of the Gauss-
Kronrod quadrature.  
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