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Abstract. A large package of information is being reflected in stock prices 
during a short period after opening. Moreover, the start-of-the-day (morning) 
volatility has a strong impact on the price variability during all the day. In 
this connection, the question is whether the morning realized variance calcu-
lated as the sum of morning squared intraday returns can be useful in fore-
casting the daily realized variance (end-of-the-day volatility). In the paper, 
we apply three different methods of forecasting the daily realized variance 
for stocks quoted on the Warsaw Stock Exchange Our findings show that the 
morning realized variance provides valuable information that can be used in 
forecasting the daily realized variance.  

Keywords: realized volatility, forecasts, ARFIMA, unobserved component 
model 

INTRODUCTION 

The accurate measurement, estimation and forecasting of stock market vola-
tility is a crucial task in portfolio management, asset pricing (especially, derivatives 
pricing) and risk management. The most popular definition used in quantitative 
finance is that the price volatility is the variance of return conditional on the infor-
mation available a period earlier. Thus, volatility is an unobservable variable and 
its measurement depends on a model. The most common approach to model the 
stock market volatility is to use a model from the GARCH family [Tsay 2002]. 
Another possible method is to calculate the so-called implied volatility [Poon 
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2005]. The daily realized volatility or the realized variance, proposed by Andersen 
and Bollerslev [1998], is calculated as a sum of squared intraday returns from the 
day.  

The intraday returns coming from different part of the day give different in-
put into the daily realized variance. A very large package of information is being 
reflected in prices during a short period after opening the stock. Therefore, the 
start-of-the-day (morning) volatility has a strong impact on the return dynamics 
during all the day. In this connection, the question arises of whether the morning 
realized variance can be useful in forecasting the daily realized variance (end-of-
the-day volatility).  

The aim of the presented research is to assess to what extent the intraday da-
ta from the beginning of the day can explain and predict the end-of-the-day volati-
lity. We use the realized variance as a volatility measure and show that the realized 
variance calculated for first few hours of the trading day (MORNING realized va-
riance) is a useful predictor of the daily volatility. The idea of our approach is 
slightly similar to the one presented in [Frijns and Margaritis 2008] though the 
applied way of describing the realized variance dynamics is different.  We apply 3 
methods of forecasting the daily realized variance of the stock returns. They inclu-
de a direct modeling as an ARFIMA process, as an ARFIMA process with MOR-
NING realized variance as an additional explanatory variable, and by using an 
unobserved component model. The analysis is performed for four chosen stocks 
from the Warsaw Stock Exchange (AGORA, TVN, BZWBK and PEKAO). Our 
results show that the daily volatility forecasts based on the morning realized va-
riance can be a useful tool in short term investments. 

REALIZED VARIANCE AND MARKET MICROSTRUCTURE  
EFFECTS 

In this paper we consider logarithmic percentage returns  

 )ln(ln100 1−−= ttt PPR ,  (1) 

where tP  is the closing price on trading day t. 

The daily volatility
2
tσ of a financial instrument is defined as the conditional 

variance of its daily return given the set of information 1−Ωt  available on day 1−t , 
i.e.  

 )|))|((( 1
2

1
2

−− ΩΩ−= ttttt REREσ  (2) 

Thus the volatility is an unobservable variable and (assuming that the condi-
tional mean of a daily return equals zero) the square of a daily return is an unbiased 
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estimator of it. However, there exist many empirical findings showing that this 
estimator is very noisy [Andersen and Bollerslev 1998]. 

In their paper devoted to forecasting abilities of GARCH models, Andersen 
and Bollerslev [1998] proposed another estimator of daily volatility: the sum of 
squared intraday returns, and called it the realized volatility (variance). We denote 
the daily realized variance by 2

][
~

t DAYσ . Thus when we consider D+1 intraday quo-

tations, dtp , , D d ,,1,0 K= ,  we have 

 ∑
=

=
D

d
t DAY dt

r
0

22
][ ,

~σ , (3) 

where )ln(ln100 1,,, −−= dtdtdt ppr , 0,tp is the opening price, and Dtt pp ,11, −− =  is 
the closing price on the day before.  

THE MODELS 

The realized volatility exhibits long memory and this phenomenon suggests 
a possibility of describing the realized volatility dynamics by using ARFIMA mod-
els [Granger and Joyeux 1980, Hosking 1981]. 

An ARFIMA  process tx  may be defined by   

 tt
d LxLL εβμα )()()1)(( =−− , (4) 

where tε  is a white noise process, )(Lα and  )(Lβ  are the lag polynomials of 

order p (autoregressive) and q (moving average), respectively, and dL)1( − is a 
fractional differencing operator defined by the binomial expansion. If 5.0|| <d and 

the roots of )(Lα  and )(Lβ  lie outside the unit circle, the process tx  is stationary 
and invertible. For 5.00 << d , tx  displays long memory property. ARFIMA 
models are the most common way of modeling and forecasting the daily realized 
volatility [Koopman et al. 2005, Doman 2006]. It is possible to extend  the ARFI-
MA model by introducing additional explanatory variables into the model equ-
ation. In this case, the constant μ  in (4) is replaced by  

∑
=

+=
n

i
tiit xc

1
,μμ

. (5)  
The idea of modeling the realized volatility by unobserved component (UC) 

models comes from the results of Barndorff-Nielsen and Shephard [2002]. They 
studied the statistical properties of the volatility estimate error, 22 ~

tt σσ − , where 
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2~
tσ  is the estimator of the realized volatility based on intraday returns, and sug-

gested modeling the spot volatility as some continuous-time stochastic process, 
more precisely, as a sum of independent Ornstein-Uhlenbeck processes. According 
to their results, in such a situation the actual volatility corresponding to day inte-
rvals can be modeled as the sum of ARMA(1,1) processes.  

Following Koopman et al. [2005], we use only one ARMA(1,1) process and 
the specification of a UC model given by the equations  

 ttt u+= 22~ σσ   ( )2,0~ ut Nu σ , (6) 

 ( ) tttt ηθημσφμσ ++−+= −− 1
2

1
2

  ( )2,0~ ηση Nt   (7) 

The estimated parameters are μ , φ , θ and 2
uσ . The variation of the error 

tη  is fixed. The model equations (6) and (7) can be represented in the state-space 
form, and parameter estimates as well as one-day- ahead volatility forecasts can be 
obtained by application of the Kalman filter [Durbin and Koopman  2002]. 

THE DATA 

Our data set includes the intraday quotations of four companies listed  on the 
Warsaw Stock Exchange. These are two media companies: AGORA and TVN, and 
two banks: BZWBK and PEKAO. The period under scrutiny is from June 1, 2005 
to August 22, 2008. It is divided into the in-sample period (761 days) and the out-
of sample period (50 days) for which the realized variance forecasts are calculated. 

The realized variance is based on 5-minute returns. We consider the daily re-
alized variance (DAY) and the MORNING realized variance corresponding to the 
period from the opening to 11:00. The MORNING realized variance is in average 
about 0.3 of the daily realized variance in each case. The plots in Figure 1 show the 
general impression of the dynamics of the considered realized variances. 
 
Figure 1.  AGORA. The daily and morning realized variances. 

 
Source: Own calculation. 
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EMPIRICAL RESULTS 

To answer the question about the usefulness of the morning volatility in pre-
diction of all the day volatility, we applied 3 methods of modeling and forecasting 
the daily realized variance for the investigated stock returns. Besides the most com-
mon approach of modeling the daily realized variance as an ARFIMA process, we 
propose also to consider the ARFIMA process with the MORNING realized va-
riance as an additional explanatory variable. The third of the considered possibili-
ties is to use unobserved component models described in section 3.  

It is a known phenomenon that the realized variance exhibits long memory 
[Andersen at al. 2001]. This effect is confirmed by our results. When considering 
ARFIMA models, the estimates of parameter d have values about 0.2 and all are 
significant (Table 2). The interesting observation is that, except the case of 
BZWBK, there is no ARMA part in the fitted models. 
 
Table 1. Parameters estimates of fitted ARFIMA model 

Parameters AGORA BZWBK PEKAO TVN 
0a  1.8420 

(0.0795) 
7.9670 
(1.1218) 

4.1132 
(0.3405)

1.9007 
(0.4540)

d  0.1673 
(0.01485)

0.1346 
(0.0574) 

0.1939 
(0.0295)

0.2009 
(0.0162)

1a   0.6099 
(0.1812) 

  

1b   0.4875 
(0.1937) 

  

Source: Own calculation. 
 
Table 2. Parameters estimates of fitted ARFIMA model with additional explanatory varia-

ble MORNING 
Parameters AGORA BZWBK PEKAO TVN 

0a  0.6533 
(0.1299)

3.3245 
(0.8809) 

2.2905 
(0.2455)

1.8763 
(0.3270)

d  0.1461 
(0.0133)

0.2091 
(0.0536) 

0.1719 
(0.0226)

0.1204 
(0.0189)

1a   0.8820 
(0.1069) 

-0.0051 
(0.0424)

0.0797 
(0.0469)

1b   0.9081 
(0.0789)   

1c  
1.1522 
(0.1012)

1.2967 
(0.0788) 

1.1839 
(0.0623)

1.3159 
(0.0554)

Source: Own calculation. 
 

Introducing into the ARFIMA model equation the additional explanatory va-
riable MORNING, results in lowering the estimate of d (except BZWBK). The 
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estimates of parameter 1c  are significant implying the importance of information 
contained in MORNING for the explanation of the daily realized variance dynam-
ics (Table 3).  

 
Although our earlier results [Doman and Doman 2004] show that UC models 

can be very useful in predicting the daily realized variance, the estimation results 
presented in Table 4 are not very impressive. It seems from the estimates of the 
variance parameters that this time the UC model turned out to not be so successful 
in capturing the realized variance dynamics. 
 
Table 3. Parameters estimates of fitted UC models. 

Parameters AGORA BZWBK PEKAO TVN 
μ  9.4329 

(1.1134) 
13.0234 
(0.7403) 

7.9647 
(0.5654) 

10.7288 
(1.2803) 

φ  0.9912 
(0.0523) 

0.7703 
(0.0582) 

0.8392 
(0.0487) 

0.9000 
(0.0305) 

θ  -0.6685 
(0.0903) 

-0.4057 
(0.0933) 

-0.5013 
(0.0885) 

-0.6466 
(0.0576) 

2
uσ  15.834 

7.0362    35.634 
18.676 
12.676    27.517  

5.6360 
3.4562    9.1908

22.126 
13.2819    36.8590 

ησ  11.0 8.0 5.0 10.0 
Source: Own elaboration. 

 
Figure 2. Forecasts obtained by means of the considered models and the daily realized 

variance (DAY). AGORA. 

 
Source: Own elaboration. 

 
The next step of the presented analysis is to compare the forecasting per-

formance of the considered models. In each case we calculate 50 one-day-ahead 
forecasts. The most representative results are shown in Figures 3-4. Formal evalua-
tion was carried out with a set of forecast quality measures. It turned out that for all 
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the considered stocks the best results were obtained mostly by means of AR-
FIMA+MORNING models. 
 
Figure 3. Forecasts obtained by means of the considered models and the daily realized 
variance (DAY). BZWBK. 

 
Source: Own elaboration. 
 

The final question we aim to address is how informative each method of fo-
recasting is in relation to the other. To make these comparisons we run so-called 
encompassing regressions that can test the performance of one forecasting method 
against the other. These regressions take the form 

 ttt tt t DAY u+++= −−
2

1|,22
2

1|,11
2

][
~̂~̂~ σβσβασ  (8) 

where 2
1|,1

~̂
−tt σ  and 2

1|,2
~̂

−tt σ  are the forecasts based on two different forecasting ap-
proaches. The results of this investigation are as follows. In the case of AGORA 
and TVN, the forecasts from the ARFIMA+MORNING model are more informa-
tive than that from ARFIMA. For the two analyzed banks, the results are different. 
Though the variable MORNING was significant in the ARFIMA+MORNING 
equation, the forecasts from this model are not more informative. The only case 
where the information from ARFIMA and UC models is complementary (both 
betas significant) is AGORA. For the other companies, the information contain of 
the forecasts obtained by means of these two models is similar (both betas insigni-
ficant). Taking into account UC and ARFIMA+MORNING models, we find that 
the results are ambiguous. For the two media companies, the information apparen-
tly is complementary. In the case of BZWBK, the forecast informativeness of AR-
FIMA+MORNING is higher but in the case of PEKAO both betas are insignifi-
cant.  
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CONCLUSIONS 

The presented research addresses the question of to what extent intraday data 
FROM THE BEGINNING OF THE DAY CAN EXPLAIN AND PREDICT 
THE END-OF-THE-DAY VOLATILITY. Using the realized variance as vola-
tility measure we show that the realized variance calculated for first few hours of 
the trading day (the MORNING realized variance) is a useful predictor of the daily 
volatility. To get possibility of some comparison, we apply 3 methods of foreca-
sting the daily realized variance of stock returns. These are: a commonly used 
approach by a direct modeling as an ARFIMA process, by modeling as an ARFI-
MA process with the MORNING realized variance as an additional explanatory 
variable, and a more sophisticated way, by a direct modeling using an unobserved 
component model. The analysis is performed for four chosen stocks from the War-
saw Stock Exchange (AGORA, TVN, BZWBK and PEKAO). Our results show 
that the models taking into account the morning realized variance provide the best 
forecasts of the daily volatility and thus can be a useful tool in short term invest-
ments. 
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Prognozowanie zmienności zrealizowanej na koniec dnia 

Streszczenie: W krótkim okresie po otwarciu giełdy ceny akcji kształtowane 
są przez duży pakiet nagromadzonych informacji, a zmienność zrealizowana 
z początku dnia ma silny wpływ na dzienną zmienność zrealizowaną. W 
związku z tym powstaje pytanie, czy poranna zmienność zrealizowana, wyli-
czana jako suma kwadratów śróddziennych stóp zwrotu, z kilku pierwszych 
godzin dnia giełdowego może być użyteczna w prognozowaniu dziennej 
zmienności zrealizowanej (zmienności na koniec dnia). W pracy stosowane 
są trzy różne metody prognozowania dziennej zmienności zrealizowanej ak-
cji notowanych na Giełdzie Papierów Wartościowych w Warszawie. Uzy-
skane wyniki pokazują, że poranna zmienność zrealizowana może dostarczać 
informacji zwiększających skuteczność prognozowania dziennej zmienności 
zrealizowanej. 

Słowa kluczowe: zmienność zrealizowana, prognozy, ARFIMA, modele 
składowej nieobserwowalnej 
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