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Abstract: Methodological assumption that multiple linear regression is an
adequate tool of modelling the behaviour of real systems is checked. To do
this the experiment is organised on the basis of simple “real” system repre-
sented as finite discrete automaton. Main result is that in situation of “black
box” modelling the approximation of output variables with multiple linear
regressions (from several samples and under different conditions) may not
fulfil any of criterions of feasible approximation of systems behaviour, also
in situations where real relation between input and output variables is strictly
linear and only one of variables is omitted.
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INTRODUCTION

After almost 40 years the main postulates of W. Leontief on modelling real
economic systems are still actual'. In present paper we take one of steps on this
difficult road of verification of assumptions of modelling real systems.

Multiple linear regression is often used to describe then analyse, forecast or
simulate the behaviour of such real systems as economic, environmental, technical
and social ones. Most of these models are quantitative models based on statistical
data. There still appear failures or unsatisfactory results when applying such quan-
titative models especially to forecast or simulate behaviour of economic systems. It

" We mean especially postulate: “What is really needed, in most cases, is a very difficult

and seldom very neat assessment and verification of these assumptions in terms of observed
facts.” [W. Leontief, 1971, p. 2].
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is often pointed out by experienced practitioners and methodologists® that these
failures are caused mainly by structural changes in modelled systems® or by one or
more principal factors from listed below:

a) omitted or misspecified variables,

b) multicollinearity (near multicollinearity) between explanatory variables,

c) using bad data, (e.g. inadequate or incomplete or data with errors),

d) stochastic nature of relations,

e) series of data containing time trends,

f) misspecification of the functional form of relations between variables,

g) inadequate, incomplete (or lack of) theory of the modelled system.

After the period of significant creativity resulting in many ideas of models
taking into account structural changes® in recent years the greater attention in re-
searches is paid to testing hypotheses of structural break’.

But still the more fundamental problem than hypotheses testing is how to
construct the adequate model. The opinion is that if there exists no one of above
mentioned reasons of failures of models’ applications, excluding lack of or incom-
plete theory, then the regression model with good ratios of its stochastic structure
ought to be proper for representing, forecasting or simulating given real system.

But models of real systems, especially econometric ones, are constructed of-
ten in situations of “black box” modelling. It means that the data, which modeller
possess, are describing only input and output series but are not describing (internal)
states of modelled system.

In [Nowak 2000] the following problem was stated: Is the multiple regres-
sion an adequate tool of modelling and forecasting in “black box” situations under
the assumption that there exists no one of above mentioned reasons of failures of
models’ applications (excluding lack of theory or incomplete theory)?

To answer the above question there was conducted an experiment of model-
ling simple system under above assumption. We have generated several samples of
observations, estimated parameters of linear regressions with two explanatory (in-
put) variables and approximated endogenous (output) variables within and out of
samples (using true, observed values of explanatory variables).

Instead of fulfilling the above assumption® and very high values of determi-
nation coefficients, R?, the quality of approximation of dependent variables out of
samples was very poor. The greater part of regressions produced mostly approxi-

% See e.g. Mayer (1993), Broemeling (1982), Hendry, Richard (1983), survey in Nowak
(1981).

* The main reason of these structural changes is the nature of economic (social) real-

ity (cf Marschak, 1950 or Leontief, 1971).

* See e.g. survey of such ideas in Nowak (2004).

> See e.g. Bai (1999), Elliott and Miiller (2006) or Juhl and Xiao (2009).

% We could not avoid only some correlation between explanatory variables in some samples
instead of generating their values on the base of random tables.
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mation errors’ greater then 10% of really observed values of endogenous variables.
The remaining regressions produced nearly half of such infeasible errors. There
were several errors greater than 100% (!) of approximated values, some of them
greater than 500%. The whole sample, consisted of all generated observations,
numbered 34 elements. In addition, great variability of estimates of regression
parameters was observed (from one sample to another sample).

There exist several practical criterion s of adequacy (feasibility) of approxi-
mations (or forecasts). We can take into account one or combination of at least
three following criterions:

1) no error is greater than 10% of observed (approximated) value (very strong
condition),
2) no more then 10% of errors is greater than 10% of observed (approxi-
mated) values,
3) mean of absolute values of relative errors is not greater than 10%.
Results of [Nowak 2000] showed that none of above criterions of feasibility of
approximation was fulfilled by any regression from any sample.

The general conclusion of this investigations was that in situation of “black-
box” and instead of lack of principal reasons of failures of modelling multiple lin-
ear regression is not the adequate tool of modelling behaviour of system.

The goal of present investigations is to check if the above described results
were not casual and conclusion will be valid in situations of changed two types of
conditions: A) with another initial states and B) quite different sequence of obser-
vations. To check this we must repeat the mentioned experiment with two parts
according to A and B.

REPRESENTATION OF REAL SYSTEM

To make our experiment we must choose the point of view, and then the way
of representation of real systems. This choice is very important from the methodo-
logical as well as from the quality of approximation point of view.

It is widely known that the reaction (output) of every real system does not
depend only on impulse (input) acting on this system but also depends on a current
state in which this system remains. Therefore we accept the way of representation
of real systems as systems of inputs, states and outputs as it is accepted within
automata theory in cybernetics or general systems theory.

In economic sciences possibly first who applied such representation of real
economic systems were Kornai (1971) and Rey (1971) and (1979).

7 Approximation error we mean difference between observed and theoretical value of any
output variable, where theoretical value is calculated from corresponding regression when
“true” (observed) values of explanatory variables were used.
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To say more exactly we accept as true the working hypothesis that every real
system can be fully and explicitly described (on a proper level of generalisation) by
the following quintuple

<X,Q,Y,8,A>, (1)

where: X - the input set (containing inputs, x's, i.e. actions of the environment on
the system), Q - the set of states of the system, Y - the output set (enclosing out-
puts, y's, i.e. actions of the system on its environment), 8: R — Q: (x,q) — (' - the
state transition function, where R € XxQ, A: R — Y: (x,q) — y - the output func-
tion, and X, Q, Y are finite. Formally, the quintuple <X, Q, Y, 8, A> is also a defi-
nition of so called discrete, finite Mealy automaton (or machine).®

If the "internal" structure (i. e. transition and output functions) of real sys-
tem is not known the recognition of the way of performing inputs into outputs be-
comes the main problem of investigations and the "black box" approach can be
applied here as an auxiliary, intermediate tool.

ORGANISATION AND PRINCIPLES OF THE EXPERIMENT

The experiment will consist of two phases as in [Nowak 2000].

In phase I we take some “real” system’ represented by quintuple (1), i. e. we
know everything about its structure (transition and output functions). We fix its
structure over the whole experiment — no structural changes. Then we randomly
generate'® sequences of inputs in subsequent steps (“time units”)'' observing result-
ing sequences of states and of outputs of this system. Then we prepare data that are
quantitative characteristics of these sequences of inputs and outputs (input and
output variables).

In phase II we arrange the situation of the “black box” modelling, i. e. a
modeller, as in many cases in reality, does not know (must forget) the structure of
the modelled system which is this “real” system from phase 1. Then to describe the
behaviour of this system the modeller have only data which are quantitative charac-
teristics of input and output elements in subsequent observations (time units)'?,

¥ Theory of automata treats the automaton as only "an information processor" but the au-
thor following Kornai (1971) and Rey (1979) does not impose any constraints on the "na-
ture" of elements of the system under consideration, described by the quintuple (1).

? Despite of this artificially construction of the system used in experiment its structure has
all basic features of real systems according to axioms listed in [Nowak 2003].

' Random generation of inputs is applied to avoid time trends or periodic fluctuations in
data, and, to minimalise probability of multicollinearity (or near multicollinearity) between
explanatory variables.

"' One can interpret these subsequent steps as time units but it is not necessary.

12 We described in detail the “nature” of economic statistical data or the relation between
statistical data and input and output elements of real economic systems in Nowak (1985).
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Next we assume that the behaviour of this system (which is now limited to behav-
iour of input variables) can be adequately represented by linear regression between
output and input variables as explanatory ones. Then we estimate parameters of
such regression for samples of different sizes, approximate values of output (de-
pendent) variables within and out of these sample (using always “true”, observed
values of explanatory variables) and check adequacy of these approximations.

Particular principles of the experiment are as follows. In phase I we take into
consideration the same simple system as in [Nowak 2000].

The structure of real system can be presented more conveniently, instead of
the quintuple (1) with its algebraic description, as a graph'’, and in general case, as
the directed multigraph. So we present the structure of this system in more con-
venient form as the graph in fig. 1.

Elements of the graph representing the structure of system have following
meaning:

- nodes represent states of system, q’s,

- arrows represent possible transitions of system from state q to state q (at
the arrow-head) - but not vice versa — when input x acts on state g,

- labels of arrows, pairs (X, y), denote what output is produced when input x
acts on state q (the beginning of arrow);

- first element of label of every arrow shows input x which causes transition
from state q to state q’ represented by this arrow.

Figure 1. Representation of system G2 with its structure and behaviour in observation no. 2.
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— ey ———=

Source: Nowak (2000), p. 173.

Elements of a graph representing the structure of system have following meaning:
- nodes represent states of system, q’s,
- arrows represent possible transitions of system from state q to state q’ (at
the arrow-head) - but not vice versa — when input x acts on state g,

" By a graph we mean, in general case, a directed multigraph.
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- labels of arrows, pairs (X, y), denote what output is produced when input x
acts on state q (the beginning of arrow);

- first element of label of every arrow shows input x which causes transition
from state q to state q’ represented by this arrow.

Fig. 1 represents an example of the behaviour of system G2, here during ob-
servation no. 2 where system’s initial state was qs.

Principles of generating input sequences using random numbers table'*:

1) watch succeeding digits of random numbers, row by row, from the left to the
right, 2) if digit is odd (but other than 9), choose x;; if digit is even, choose x,; if
digit is 0, omit it; if digit is 9, it means the end of given sequence of inputs.

It is assumed for simplicity that we use only one-element inputs and outputs.
Then measuring quantities of input and output elements is simple and values of
input and output variables are the frequencies of occurrence of input or output of
given kind in given sequence of inputs or outputs.

If we denote any observation in our experiment as quadruple (y,’, y2’, X;’,
x;"), where symbols y;’, y2’, X;’, X" denote values of corresponding output and
input variables, i. e. quantities (here: frequencies of occurrence) of, respectively,
outputs y; and y, and inputs x; and x, in corresponding sequences then the quadru-
ple representing observation no. 2 described in fig. 2 can be registered as (y,’, y2’,
X1’ X2") =(2,3,1,4).

To realise part A of our experiment (changed initial state) we generated (ap-
plying above principles) new 34 observations using the same sequences of inputs
as generated in [Nowak 2000] but starting from other than q; initial states.

To realise part B we generated (applying above principles) quite new 34 ob-
servations using quite new sequences of inputs'” and starting from initial state q;.

In phase II we are in “black box” modelling situation. So we “forget” all in-
formation on transition and output functions. But we know all input variables the
output variables are dependent of and we have all data concerning these input and
output variables. Next we estimate (by least squares method) parameters of linear
regressions of the form:

yii =B+ Bixi” + Bxo” & (i=1,2), (2
where By, B; and [, are structural parameters, € is error term.

We do such estimations for samples of different sizes, which contain obser-
vations no. 1-6, 1-12, 13-24, 1-24, 25-29, 30-34 and 1-34. Then we check general
goodness of fit, using R% and significance of estimated parameters. The most im-
portant is checking the quality (feasibility) of approximation of values of output
variables, y;’s, the principal element of observed behaviour of modelled system.

'* We used tables published by Martin (1968). In experiment in Nowak (2000) we used
random number rows from 1 to 4.
!> All randomly generated using tables by Martin (1968); rows from 10 to 16.
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RESULTS OF NEW EXPERIMENT

Observations we have generated'® in phase I are contained in table 4 in Ap-
pendix. Results of estimation are presented in table 1.

Table 1. Estimates of full regression parameters and adjusted coefficient of determination. R*.

Full regression for y,’ Full regression for y,’

Initial state: g; or q4; old inputs Initial state: g3 or q4; old inputs.
Sample | b, b, b, R by b by R
1-6 0,107* 10,071* 0,442 (0,893 -0,107* 10,929 0,558 0,992
1-12 0,020* (0,072* 10,478 10,933 -0,020* 10,928 0,522 0,992

13-24 [-0,052* [ 0,174* 0,476 10,948 0,052* 10,826 0,524 0,984
1-24 -0,013* | 0,084 0,517 (0,946 0,013* 1,017 0,572 0,987
25-29 [-1,455*(0,214* 0,623* 10,629 1,455* 10,786* 0,377* 0,684

30-34 10,591* [-0,003* (0,429 [0,982 -0,591* |1,003 0,571 0,982
1-34 -0,020* | 0,077 0,506 |0,939 0,020* 10,923 0,494 0,986
Full regression for y,’ Full regression for y,’

Initial state: q; and new inputs Initial state: q; and new inputs
Préba | b, b, b, R2 b, b, b, R

1-6 -0,176* 10,054* [0,589 0,989 (0,176* 0,946 0,411 0,999
1-12 0,024* 0,172* 10,408 0,900 | -0,024* 10,828 0,592 0,985
13-24 [-0,043* 10,127* 0,482 0,935]0,043* 10,873 0,518 0,989
1-24 0,000%* 0,148 0,453 0,934]0,000*% 10,852 0,547 0,989
25-29 10,179* -0,011* 10,640 0,9751-0,179* 1,011 0,360 0,997
30-34 [-0,339* |0,197* 0,551* ]0,89410,339* (0,803 0,449 0,979
1-34 -0,051* 10,131 0,485 0,923 (0,051* {0,869 0,515 0,988

* means that the corresponding parameter was not statistically significant'’ (level of sig-
nificance = 0,10); RZ- adjusted coefficient of determination.
Source: authors calculations.

Because all free terms were statistically insignificant we estimated also pa-
rameters of regressions without free term. Instead of insignificance of parameter 3,
in some regressions we did not withdraw variable x,” from these regressions be-
cause they were basic factors the output variables depend of (according to true
knowledge of modelled system). It was not surprising that estimates of parameters
from different samples were also different. In two small samples we observed also
change of sign of estimate of coefficient ;.

' Observations generated from initial state g, for old input sequences were the same as for
initial state q;.

7 Under assumptions of normality of distribution and independence of error term (checked
by proper statistical tests) and of absence of multicollinearity.
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Tables 2 and 3 present results of approximation of output values.

Table 2. Means* of absolute values of relative errors (percent errors).

Sample
1-6 | 1-12 | 13-24 | 1-24 [ 25-29 | 30-34 | 1-34 |
Initial state: q;; old inputs

Full'y’ [20 |21 33 24 148 156 |23 n=26
Ful'y, |14 |13 13 11 152 | 96 12 n=34
Wiy [22 |21 31 23 96 80 23 n=26
Wiy, |11 |12 14 12 12 13 11 n=34
Initial state: q; or g4; old inputs
Full'y |16 |16 25 19 42 14 18 n=27
Full'y, |12 10,4 | 11 11 37 16 10,2 | n=34
Wity |16 |16 24 18 18 16 18 n=27
Wit y,” | 104 (102 |12 11 104 | 10,1 | 104 |n=34

Initial state: q;; new inputs

Full'y’ [25 |23 20 20 29 25 22 n=30

Full'y,, [11 |13 11 12 17 11 11 n=33
W’ y,” |23 |23 20 20 27 26 22 n=30
Wiy, |12 |12 11 12 15 13 11 n=33

"Full — full regression > Wft — regression without free term. * Calculated without errors
when observed value was 0.
Source: authors calculations.

Synthetic evaluation of adequacy of approximation of output variables y’s
by linear regression models from different samples is presented in table 3 in Ap-
pendix.

FINAL REMARKS

Observed variability of regression coefficient cannot be explained with
structural changes, because the structure of modelled system was constant over the
whole period of our experiment.

According multicollinearity; relatively moderate values coefficients of de-
termination R” of regressions between explanatory variables we obtained, from
0,119 (for sample 1-6 and 1-34) through 0,55 to 0,94 (in two small samples, 25-29
and 30—34)18 for part A of experiment, and most of them from 0,524 to 0,685 (and
0,85 for samples 1-6 and 13-24) in samples for part B, give introductory informa-
tion that there could be from two to four cases of near multicollinearity. It can be
one of reasons why we could obtain some statistically insignificant parameters.

'8 For which inputs were generated in special (different than for first 24 observations), not
quite random way.
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The first basic result of presented experiment is that instead of 1) very good
values of adjusted coefficients of determination R>* of almost all estimated regres-
sions and 2) almost ideal conditions of modelling such as lack of structural
changes, no time trends or errors in data, slight symptoms of multicollinearity (in-
stead of few samples), variables was not misspecified etc. the quality of approxi-
mation of output variables with all estimated regressions was poor.

Notice that no one of estimated regressions did not fulfilled in any part of
experiment no one of three mentioned in par. 1 criterions of adequacy, also not the
most tolerant criterion, i. €. no mean of absolute values of relative errors was less
(or equal) 10% (see table 3). Also increasing samples did not lead to substantial
improvement of quality of approximations (see table 3).

The next result is that there were not essential differences or improvement in
quality of approximation of behaviour of given system when initial states were
changed or new input sequences was acting on the system in the same initial state
as in first experiment'®. So this new experiment in changed conditions confirms the
results obtained in experiment from 2000yr.

It can be done more and more similar experiments with different sets of ob-
servations, new, more complex system, many-element inputs and outputs with
“prices” of these elements, new modelling tools or more sophisticated use of re-
gression. But if it is done in situation of “black box” modelling analogous to situa-
tion of inadequate, incomplete (or lack of) theory of the modelled system the proc-
ess of modelling is subject to danger of misspecification of the functional form of
relations between variables and, first of all, to omit*® or to misspecify variables.

If estimates and approximations are not satisfactory there will be supposed
that true relation between variables is nonlinear. But what functional form ought to
have such nonlinear relation, if we do not know the structure of real system?

In situation in this experiment the true relation between input and output
variables was linear (!) as below?':

yU=x1 X" —y) 3)

The second basic result of presented experiment is that in situation of “black
box” modelling the approximation of output variables with multiple linear regres-
sions (from several samples and under different conditions) may not fulfil any of
criterions of feasible approximation of systems behaviour, also in situations where
real relation between input and output variables is strictly linear and only one of
variables is omitted.

' Only some improvement was in regressions from 5-element samples (25-29 and 30-34),
but still with infeasible quality of approximation.

Y We mean variables representing states of system.

*! Because of assuming very simple system and one-element inputs and outputs. But rela-
tion (3) in general may be no longer true under other assumptions than applied in our sim-
ple situation.
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But what could be the reason to modeller to include into regression model
the other output variable as explanatory variable if he had true information that
outputs of type y; (therefore output variable y,’) are results caused only by factors
named inputs x; and x, and internal (nonobserved) states?

And what would be the results of assuming and estimating any nonlinear re-
lation between variables if true relation is linear?
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Czy liniowa regresja wieloraka jest odpowiednim narzedziem modelowania
zachowania systeméw rzeczywistych?

Streszczenie: W pracy sprawdzono metodologiczne zatozenie, ze liniowa re-
gresja wieloraka jest odpowiednim narzedziem modelowania zachowania
systemow rzeczywistych. W tym celu przeprowadzono eksperyment, w kto-
rym wzigto pod uwage prosty system “rzeczywisty” reprezentowany z pomo-
ca dyskretnego automatu skonczonego. Glowny wynik tego eksperymentu
mowi, ze aproksymacja zmiennych wyjsciowych z pomoca liniowej regresji
wielorakiej (w sytuacji modelowania “czarnej skrzynki”, na podstawie szere-
gu prob i w réznych warunkach) moze nie spetnia¢ zadnego z kryteriow do-
puszczalnej aproksymacji zachowania modelowanego systemu, roOwniez w
sytuacjach, gdy rzeczywista relacja pomigdzy zmiennyymi wyjsciowymi a
zmiennymi wejsciowymi jest doktadnie liniowa oraz gdy tylko jedna ze
zmiennych jest pominigta.

Stowa kluczowe: automaty dyskretne, model systemu rzeczywistego, linio-
wa regresja wieloraka
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APPENDIX

TABLE 3. Quality of approximations of output variables with linear regression models.

Sample (Numbers | Regression for y,’ Regression for y,’
of ob- | Full Without free term | Full Without free term
serva-
tions)

Initial state g3 or g4 and old inputs

1-6 - 14 -20 +16 +12

1-12 - 15 -19 +9 +10

13-24 -17, -20, + 14 -23

1-24 -20, -16, +8 +13

25-29 -20; -26 19 -21y +13

30-34 +13 -26, +15, +15

1-34 -17 - 17 + 10 +12

Initial state q; and new inputs

1-6 - 18 - 17 +11 +10

1-12 -23 -23 +13 +13

13-24 -17 - 17 +12 +12

1-24 -17 -17 +12 +12

25-29 -2134 -21 - 18 + 15

30-34 -20, -20 +10 +15

1-34 -17 -17 +12 +12

Meaning of signs and numbers in the table:

“- n“ means that majority of approximation errors were greater than 10% of really observed
values of endogenous variables, and n is the number of such errors,

“+ n” means that most of approximation errors were not greater than 10%, and n is the
number of errors greater than 10% of really observed values,

number appearing as subscript means number of errors greater than 100%,

“full” means linear regression with free term and two explanatory (input) variables.

Source: authors calculations.
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TABLE 4. Observations for system G2 generated in new conditions of experiment.

No. Initial state: q; or g4 Initial state: q;
of ,01d” input sequences New input sequences
obspr— Quantities Quantities Quantities Quantities
vation of inputs of outputs of inputs of outputs
yi yo' Xy Xo’ yi yo' Xy Xy’
1 4 15 12 7 4 13 11 6
2 2 3 1 4 2 4 3 3
3 0 2 2 0 5 13 10 8
4 1 2 2 1 1 4 3 2
5 1 3 1 3 1 1 0 2
6 2 3 2 3 1 2 1 2
7 0 1 0 1 4 10 8 6
8 4 9 6 7 0 2 2 0
9 1 3 3 1 4 6 5 5
10 0 2 2 0 1 4 4 1
11 1 1 1 1 3 8 8 3
12 0 1 1 0 3 9 5 7
13 1 2 1 2 2 2 0 4
14 2 4 2 4 4 7 4 7
15 0 1 1 0 5 9 6 8
16 2 2 2 2 0 2 0 2
17 6 13 7 12 1 0 1 0
18 2 5 4 3 0 1 0 1
19 2 2 1 3 3 2 2 3
20 0 4 4 0 1 5 3 3
21 2 3 1 4 10 26 20 16
22 5 9 6 8 1 3 2 2
23 0 1 1 0 1 3 1 3
24 7 12 9 10 5 9 5 9
25 3 9 6 6 0 2 2 0
26 4 6 1 9 3 13 11 5
27 1 10 10 1 4 15 13 6
28 5 7 3 9 4 7 5 6
29 4 7 6 5 1 5 5 1
30 1 9 9 1 1 2 2 1
31 3 9 6 6 6 15 14 7
32 3 8 5 6 5 8 7 6
33 5 6 1 10 2 3 1 4
34 2 10 9 3 1 4 2 3

Source: authors calculations.
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