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Abstract: A long-run trading strategy based on cointegration relationship 
between prices of two commodities is considered. A linear combination of 
the prices is assumed to be a stationary AR(1) process. In some range of 
parameters, AR(1) process is obtained by discrete sampling of Ornstein-
Uhlenbeck process. This allows to calculate approximate number of 
transactions in long run trade horizon and obtain approximate upper bound 
for possible gain. 
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INTRODUCTION 

The Engle-Granger [Engle, Granger 1987] idea of cointegration deepened 
understanding of two central properties of many economic time series – 
nonstationarity and time-varying volatility. Two nonstationary series may be 
related so that the values of one of them can not go (after appropriate scaling) too 
far from the values of the second. This relationship may often be observed for 
prices of two commodities (e.g. crude oil and heating oil). When we consider series 
of differences between appropriately scaled prices of such commodities, we 
observe that it reverts to its mean. In this paper we investigate trading strategy 
based on this phenomenon. We assume AR(1) structure of the series of differences. 
However, it often appears that it is much easier to investigate properties of discrete 
time series through their continuous counterparts - continuous-time stochastic 
processes. There already exists large literature concerning continuous time ARMA 
and GARCH processes, also driven by Levy processes and fractionally integrated 
(see for example [Brockwell, Marquardt 2005]). We will use this approach and find 
continuous counterpart for AR(1) process - an Ornstein-Uhlenbeck process. Since 
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statistical properties of Ornstein-Uhlenbeck process are subject of interest of many 
authors. we will be able to calculate all necessary quantities using their results.  

We will use results of Thomas [Thomas 1975] and Ricciardi & Sato 
[Riccardi, Sato 1988] concerning first hitting time of Ornstein-Uhlenbeck process 
(for more recent survey see [Alili et al 2005]).  

Author presumes that the used approach – investigation of properties of 
discrete time series through their continuous counterparts - may be very useful, 
since it is much easier to handle with continuous-time stochastic processes than 
with discrete-time ones. However, this approach shall be used with caution, since 
we always shall prove that the properties of continuous-time processes are good for 
approximation of the properties of discrete time series. As far as author knows, first 
step in this direction for the problem of approximating stopping times of crossing 
barriers by AR(1) discrete process with stopping times of hitting barriers by 
Ornstein-Uhlenbeck process was author’s paper [Łochowski 2007]. 

INTRODUCTION OF APPROXIMATE GROSS GAIN 

Let ( , 1)nP n ≥  and ( , 1)nQ n ≥  be two non-stationary time series 
representing evolution of the prices of futures contracts for two commodities  P   
and Q . We will assume that ( , 1)nP n ≥  and ( , 1)nQ n ≥  are cointegrated i.e. for 
some positive ,α β  the process n n nR P Qα β= −  is stationary. Moreover, we will 
assume that it is mean zero AR(1) process, i. e.  

 
1 ,n n nR R Zγ+ = +   (1) 

 
where ( , 1)nZ n ≥  is i.i.d. sequence, independent from 1R , with  

2
1 (0, )Z N σ∼ ( 2( , )N μ σ  denotes here normal distribution with mean μ  and 

variance 2σ ). An equivalent form of (1) is  
1 (1 ) ,n n nR Rγ σε+Δ = − − +   (2) 

 where  / , 1.n nZ nε σ= ≥   
It is easy to see that the stationarity of nR  holds iff ( 1;1).γ ∈ −   Stationarity 

implies that 2 2(0, /(1 ))nR N σ γ∼ −  and  2 2Cov( , ) /(1 ).h
n n hR R γ σ γ+ = −   

From stationarity of  nR   one may derive long-run trading strategy based on 
selling α  commodity P  contracts and buying β  commodity Q  contracts when  

nR   exceeds certain threshold value  a   and doing opposite, when  nR   goes below  
.a−  If we enter the market with α  contracts of commodity P  and are interested in 

leaving it with the same volume of commodity P  contracts after long time horizon 
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T  then the gross gain obtained from the strategy equals 2 ( ),a N a⋅  where ( )N a  
denotes the number of pairs of transactions: 

• when n n nR P Q aα β= − ≥  sell α  commodity P  contracts and 
simultaneously buy β  commodity Q  contracts, 

• when n n nR P Q aα β= − ≤ −  buy α  commodity P  contracts and 
simultaneously sell β  commodity Q  contracts. 

The problems which one faces deciding for the described strategy is the 
estimation of  ( )N a   and then the choice of an optimal threshold value  .a   

Firstly we will try to estimate  ( )N a   for large T  and positive, fixed (but 
not too small)  .a   Let  1 2,T T   be the following stopping times  

 

1 2 1inf{ : },  inf{ : }.n nT n R a T n T R a= ≥ = ≥ ≤ −  
 
Let us assume that the process nR  has small jumps (much smaller then  a ) 

and it is obtained by discrete sampling of a continuous-time process with 
continuous trajectories, ( , 0)tU t ≥ , i. e.  n nR U=   for  1,2,?.n =   Let 1 2,T T  be 

continuous counterparts to  1 2, ,T T   i. e.  
 

1 2 1inf{ : },  inf{ : }.t tT t U a T t T U a= ≥ = ≥ ≤ −  
 

In fact, from continuity of tU  we have 
 

 1 2 1inf{ : },  inf{ : }.t tT t U a T t T U a= = = ≥ = −  
 
Let us denote 2 1( ) ( ).T a E T T= −  From the assumption about nR  we get 

1 1 2 2,T T T T≈ ≈  (cf. [Łochowski 2007]). Now from theory of renewal processes (cf. 
[Rolski et al 1998]) and symmetry of the process nR  we may approximate number 

of transactions ( )N a  in long time horizon by ( )( )/ 2 .T T a  Thus the gross gain in 

long time horizon equals ( ) ( )2 / .a N a a T T a⋅ ≈ ⋅  Based on this reasoning let us 
define. 
 

Definition. Approximate gross gain, ( , ),AGG a T  for a threshold value  
0a >  and time horizon 0T >  is defined by the formula  
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( , ) .
( )

T aAGG a T
T a
⋅=  

 

ORNSTEIN-UHLENBECK PROCESS AS A CONTINUOUS VERSION 
OF AR(1) PROCESS  

The natural candidate for process tU  is Ornstein-Uhlenbeck process being a 
solution of the following stochastic differential equation - the continuous 
counterpart of (2) 

 
(1 ) ,t t tdU U dt dWγ σ= − − +   (3) 

 
where tW  denotes a standard Wiener process. 

Equation (3) has the following solution 
  

(1 ) (1 )( )
0 0

.
tt t s

t sU e U e dWγ γσ− − − − −= + ∫  

From bilinearity of covariance, independence of increments of Wiener process and 
then from isometry formula for stochastic integrals we have 
 

( )
( )
( ) ( )

( )

(1 )( ) (1 )( )
0 0

(1 )( ) (1 ) (1 )
0 0

2(1 )min ,min ,(1 )( ) 2(1 ) (1 )( )
0

,

,

1.
2 1

t ut s u s
s s

t ut u s s
s s

t ut ut u s t u

Cov e dW e dW

e Cov e dW e dW

ee e ds e

γ γ

γ γ γ

γ
γ γ γ

γ

− − − − − −

− − + − −

−
− − + − − − +

=

−= =
−

∫ ∫

∫ ∫

∫

 

 
Assuming that 0U  is independent from ( , 0)tW t ≥ , we get 

2(1 )
(1 )(2 ) 2 (1 )(2 )

0
1Cov( , ) Var( ) .

2(1 )

t
t h t h

t t h
eU U e U e

γ
γ γσ

γ

−
− − + − − +

+
−= +

−
 

If 2
0 (0, /(2(1 )))U N σ γ∼ −  then 2(0, /(2(1 )))tU N σ γ∼ −  and 

2 (1 )Cov( , ) /(2(1 )).h
t t hU U e γσ γ− −

+ = −   
Comparing the distribution of nU  with the distribution of nR  we see that 

they are different. But when (0;1),γ ∈  taking process ( , 0)tV t ≥  defined by the 
equation  
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2
2ln(1/ )ln(1/ )

1t t tdV V dt dWγγ σ
γ

= − +
−

 

with 2 2
0 (0, /(1 ))V N σ γ∼ −  independent from ( , 0),tW t ≥  we obtain such a 

process that for positive integers 1 2, ,?, kn n n  vector 
1 2

( , ,?, )
kn n nV V V  has the same 

distribution as vector 
1 2

( , ,?, ).
kn n nR R R  

Remark. Ornstein-Uhlenbeck process may also be introduced as a time-
space scaled Wiener process. Defining  

ln(1/ ) 2ln(1/ )
2

( )
1

t t
tV e W eγ γσ

γ
−=

−
 

we get a process with the same finite distributions as the process ( , 0).tV t ≥  

UPPER BOUND FOR APPROXIMATE GROSS GAIN 

Now we are ready to calculate ( ).T a  Let us denote 
 
 , 0: inf{ 0 : | }.b c tT t V c V b= ≥ = =    
 
From results of Thomas [Thomas 1975] and Ricciardi & Sato [Riccardi, Sato 

1988] as well as from scaling properties of tV  we have that for 0a >  

( )( )
2 2

21 / 2
,0 0

( ) 1 erf
2ln(1/ )

a t
aE T t e dt

γ σπ
γ

−
= +∫  

and  

( )( )
2 2

21 / 2
0, 0

( ) 1 erf ,
2ln(1/ )

a t
aE T t e dt

γ σπ
γ

−
= + −∫  

where erf ( )t  stands for error function defined as 
22

0erf ( ) .t st e ds
π

−= ∫  From strong 

Markov property of  tV   and since  erf ( ) erf ( ) 0t t+ − =  
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we see that  
 

2 2
2

,0 0, ,0 0,

1 / 2

0

( ) ( ) ( ) ( ) ( )

.
ln(1/ )

a a a a

a t

T a E T E T E T E T

e dt
γ σπ

γ

−

−

= + = +

= ∫
 

 
Since  

2 2 2 1

0 00 0 ! (2 1) ! ,
k ku ut t u

k kk k ke dt dt +∞ ∞
= = + ⋅= =∑ ∑∫ ∫   we have  

2 1
2 1

0
( ) ,k

k
k

T a d a
∞

+
+

=
=∑  

where  
1/ 22

2 1 2
1 1 0,  for 0,1,?.

ln(1/ ) (2 1) ! 2

k

kd k
k k

π γ
γ σ

+

+
⎛ ⎞−= > =⎜ ⎟⎜ ⎟+ ⋅ ⎝ ⎠

 

 
Now we have 
 

3 2
1 3 1 3

1
( )
a a

T a d a d a d d a
= =

+ + + +
 

 
and we see that approximate gross gain, ( )( , ) ,T a

T aAGG a T ⋅=  is a decreasing 

function of .a  We also have  
 

2?00 1

1 2 ln(1/ )sup lim .
( ) ( ) 1aa

a a
T a T a d

γ σ
π γ>

= = =
−

 

 
The above calculations imply 
Theorem. If  (0;1)γ ∈   the approximate gross gain, ( , ),AGG a T  for any 

positive a  and T  is bounded from above by  1/ ,T d   i. e.  

2

2 ln(1/ )( , ) .
1

AGG a T Tγ σ
π γ

≤ ⋅
−

  (4) 

Moreover, there is no positive  a   for which the above value is attained. 
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FINAL REMARKS 

The results of the previous section are in some sense negative, since there is 
no optimal postive threshold value a  maximizing the approximate gross gain. 
Moreover, the smaller is 0,a >  the greater is ( , ).AGG a T  But for very small 
threshold values the relationships 1 1 2 2,T T T T≈ ≈  on which our reasoning was 
based, may fail. Moreover, when a  is small we have to change our positions very 
often which may be not technically possible and if we take into account transaction 
costs then it would appear that for small a  our trading startegy leads to loss.  

However, it seems that the formula for upper gain bound in our simple 
model has natural interpretation in terms of quantities appearing on the right side of 
(4). The maximal posible gain is proportional to the duration T  of the investment 
and to standard deviation σ  of the random term nZ . It is known phenomenon 
(used sometimes in so called volatility trading), that the bigger volatility, 
represented here by σ , the bigger profits in short term are possible. 

The more sophisticated seems to be the dependence of ( , )AGG a T  on 
parameter .γ  This parameter determines the speed of reverting AR(1) process to its 
mean value. The bigger γ  the longer time is needed for AR(1) process to revert to 
its mean. The dependence between γ  and ( , )AGG a T  is represented by the 

function ( )
2

ln 1/
.

1

γ
γ

γ−
 This is decreasing function on the interval ( )0;1  and its 

graph is presented below. 
 

Figure 1. Graph of the function 
( )

2

ln 1/
.

1

γ
γ

γ−
 

 



On upper gain bound for trading strategy … 117 

 

REFERENCES 

Alili, L., Patie, P. and Pedersen, J. L. (2005). Representation of the first hitting time density 
of an Ornstein-Uhlenbeck process. Stoch. Models 21 967--980. 

Brockwell, P. J. and Marquardt, T. (2005). Lévy driven and fractionally integrated ARMA 
processes with continuous time parameter Statistica Sinica 15 474--494. 

Engle, R. F. and Granger, C. W. J. (1987). Cointegration and Error-Correction: 
Representation, Estimation and Testing. Econometrica 55 251--276. 

Łochowski, R. (2007) Stopping time for Ornstein-Uhlenbeck process vs. stopping time for 
discrete AR(1) process, reprint available from web page 
http://akson.sgh.waw.pl/~rlocho/stoppingtime2.pdf 

Rolski T., Schmidli H., Schmidt V. and Teugels J. (1998) Stochastic Processes for 
Insurance and Finance. Wiley, Chichester New York Weinheim Brisbane Singapore 
Toronto. 

Ricciardi, L. M. and Sato, S. (1988). First-passage time density and moments of the 
Ornstein-Uhlenbeck process. J. Appl. Probab. 25 43--57. 

Thomas, M. U. (1975). Some mean first-passage time approximations for the Ornstein-
Uhlenbeck process. J. Appl. Probab. 12 600--604. 


	0001-2-tyt_red.pdf
	0003-4-contents.pdf
	001-164-tekst.pdf
	165-166.pdf
	167-188-Balbus.pdf
	189-198-Kaminski.pdf
	199-211-Knauff.pdf
	212-222-Landmesser_nowy.pdf
	223-253-Lewandowski.pdf
	254-275-Wiszniewska-Matyszkiel.pdf


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /SyntheticBoldness 1.000000
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002000d>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002000d>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /GRE <>
    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002000d>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e000d>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


