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Abstract: A class of two person nonzero-sum nonsymmetric stochastic games of
capital accumulation/resource extraction is considered. It is shown that the Nash
equilibrium in the discounted games has a limit when the discount factor tends
to 1. Moreover, this limit is an epsilon-equilibrium in the discounted game with
sufficiently large discount factor.
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INTRODUCTION

Nonzero-sum dynamic games of capital accumulation (or resource extraction) studied
in this paper belong to a class of stochastic games with uncountable state space.
Unlike in the games with a countable state space (see [9]), the question of the existence
of stationary Nash equilibria in such games has a positive answer only in some special
cases of interest. For a survey of the existing literature on this topic the reader is
referred to [1, 2, 7, 12, 13, 14] and [16]. The special case of these games is a class
of concave games of resource extraction or capital accumulation. The pioneering
work on this field is [10]. Similar class is studied in [1, 2, 3, 4, 12, 14] and [16].
Our main assumption on the transition probability function in the game says that it
is a combination of finitely many probability measures on the state space with the
coefficients depending on the investment. Similar form of it we can find in [2] and in
[16].

In our model, we restrict our assumptions to two person game. Asymptotic prop-
erties of Nash equilibria in the discounted stochastic game, with respect to discount
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factor tending to 1, are the main results of this paper. We accept the assumptions,
from the model considering in [14]. There is proven existence of Nash equilibria in fi-
nite and infinite horizon game. Moreover, there is also proven the uniform convergence
of equilibria payoffs with respect to horizon of the game. The limit is an equilibrium
payoff in infinite horizon game. The convergence of Nash equilibria is proven as well,
but there is only pointwise convergence. In this paper we can complete those results
and prove uniform convergence. This also leads us to uniform convergence of Nash
equilibria and adequate equilibria payoffs with respect the discount factor tending to
1 in finite and in infinite horizon game. These limits it is shown to be Nash equilib-
rium and adequate equilibrium payoff in the undiscounted model. Similar problems
are often described in the literature. However, unlike in [8, 11] and [17] we also obtain
further results. Uniform convergence yields us more properties. Taking an arbitary
small €, the Nash equilibrium in the undiscounted model is € - equilibrium in the
discounted games with sufficiently large discount factor. The results obtained in this
paper would be useful in the discounted model, if we do not know exact value of the
discount factor. Then we could approximate Nash equilibria in discounted models by
the Nash equilibrium in the undiscounted model.

This paper is organized in a following way: in the next section is presented a
model with main assumptions. In the third section the model of auxillary one shot
game and some properties of it are described. This model is a special case of that
from Section 3 in [3]. The main results are discreibed in the fourth and fifth section.
Fourth section is about finite horizon game and fifth about infinite horizon game. At
the end of the last section there is an example in which the results obtained in this
paper would be useful.

THE MODEL AND BASIC ASSUMPTIONS

Consider an two-person nonzero-sum nonsymmetric stochastic game in which:

(i) S C R4+ :=[0,00) is a compact interval containing zero called the state space
or the set of all possible stocks of a resource. Denote S := [0, §], for some strictly
positive constant s.

(i) A;(s) € S, Ai(s) :==[0,a,(s)] is the space of actions available to player ¢ in the
state s € S, where a;(+) is called capacity function. Assume that a,(-) is nonnegative,
nondecreasing and continous function such that a;(s) + az(s) < s. For T := (z1, 22)
let

X(s):=A1(s) x Aa(s) and D ={(s,7):s€S5,7€ X(s)}.

(iii) u; : S — R4 is a bounded instantaneous utility function for player i.

(iv) ¢ is a Borel measurable transition probability from D to S, called the law
of motion among states. If s is a state (resource stock) at some stage of the game
and the players select an & = (z1,22) € X(s), then q(+|s,z1,x2) is the probability
distribution of the next stock.



Asymptotic Nash Equilibria ... 169

Our further assumptions are:

C1: The utility function for player ¢ u; : S — R4 is a strictly concave twice
continuously differentiable and increasing function such that w;(0) = 0.

C2: The transition probability is of the form

L
q(-[s,2) = > gi (s — 21— 22) N(-]s) + go(s — w1 — 2)d0(-),
=1

where
(a) dp is the Dirac measure concentrated at 0,
(b) A is a Borel measurable transition probability from S to S. Moreover,

e assume additionally that there exists a probability measure p such that, p
stochasticaly dominates A;(+|s) for all s € S, I =1,..., L, and holds

/ do(s)u(ds) > 0,
S

or equivalentely

L
[ > asutas) <.
5 =1

e for each | = 1,..., L and for each Borel measurable and bounded function v(-)

the function s — [v(s')\(ds’|s) is continous. Clearly \; is a stochasticaly
5
continous measure.

(¢) go(0)=Tand forl=1...,L g;: S — [0,1] is strictly concave, increasing and

L
twice continuously differentiable. Obviously > ¢; = 1.
1=0

Remark. By assumption C2 it follows that 0 is an absorbing state since

¢({0}10,0,0) = go(0)50({0}) + Y _ cu(0)({0}]0) = do({0}) = 1.

=1

Remark. Note that assumption C2 it satisfied when

L
> as) < 1.
=1

Then as p we can take a Dirac measure concentrated at s.
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Remark. Typical examples of the functions g; are:

gi(y) =a(l—e™) or gi(y):=ayy, y=s—z1- 22
where o > 0 are small enough, S is bounded from above.

Remark. Typical example of the collection of measures \; are

Ai(Als) == /pz(sasl)Vz(dSI)a

A

where v;(+) is some probability measure on S and p;(s,-) is a density for each s € S.
Moreover, for each s’ € S p;(-, ") is a continous function.

The game is played in discrete time with past history as common knowledge for all
the players. A strategy for a player is a Borel mapping which associates with each
given history an action available to him. For i = 1,2 let F; be set of Borel measurable
functions f; : S — R4 such that f;(s) € A;(s) for each s € S. A Markov strategy for
player i is a sequence m; = (fi1, fi2,--.,) where each f; ,, belongs to F;. A stationary
strategy for player 7 is a constant sequence m; where each f; , = f; for some f; € F;.
Let F' := F} x Fy be a set of all profiles. In the sequence, a stationary strategy
(fi, fi,-..) of player i will be identified with f;.

Let H*® := D x D x ... by the set of all possibles histories of the game endowed
with the product o-field. For any profile of strategies m = (w1, m2), and every initial
state s € S, a probability measure PI" and a stochastic proces {s,, Z, } are defined on
H*° in the canonical way, where the random variables s,, and Z,, = (21, Zn2) € X (sn)
describe the state and the actions chosen by the players, respectively, on the n-th stage
of the game (see Chapter 7 in Bertsekas and Shreve (1978)). Thus, for each profile 7
of strategies and any initial state s, one can define the operator of the expected value
E7T with respect to the probability measure PI. In the n-stage 5 - discounted model
the total expected utility for player 7 is

V() (s) = ET (Z 5kluz‘(iﬂkz‘)> -
k=1

The value 8 € (0, 1] is said to be a discount factor. If 3 = 1 then we have undiscounted
model. Let us denote ; »(m)(s) := v}, (7)(s). The total expected utility for player i
in the infinite horizon game is

n—oo

7/ (m)(s) = ET <Z ﬁk_luz‘(%)> = lim 57, (7)(s).
k=1

In the undiscounted model, the total expected utility for player i is

Yi(m)(s) = ES <Z ui(xki)> :
k=1
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Remark. This criterion above makes a sens, because as shows Corollary 12, the series
under the expected value are convergents are limited by a common value.

Let m# = (m,m2) and o; be a strategy for player i. Then, as usual, (7_;,0;) is the
strategy profile m with 7; replaced by o;.

Definition 1. A strategy profile 7* = (#7,73) is called a Nash equilibrium in the
[ - discounted stochastic game if and only if no unilateral deviations from it are
profitable, that is, for every player ¢, his strategy o; and s € S,

7 (@) (s) = 7] (w2, 00)(s).

Similarly, Nash equilibria are defined in the finite horizon case and in the undiscounted
case. Obviously, a strategy for player ¢ in a n-step game consists of n components
only.

Definition 2. Fix ¢ > 0. A strategy profile 7° = (n§,75) is called an € - equilibrium
in the § - discounted stochastic game if and only if for every player ¢, his strategy o;
and s € S,

e +7 (1) (s) = 72 (121, 09)(s).

Similarly we define € - equilibrium in the finite horizon game. It is easy to see that
unilateral deviation from e - equilibrium can take the profit but no greater then e.
Notation: If p is arbitrary game, then by NE p we denote the set of Nash equilibria
in this game.

AUXILLIARY ONE SHOT GAME

In this section we introduce an auxilliary one shot model G(s,n) of two person game.
The payoff function for player i (i = 1,2) is

L

wi (i, 8,01, w2) = wi(wi) + > mia(s)gi (s — 21 — w2) (1)
=1

for s € S, z; € A;(s), where each 7;; : S — Ry is a continous function, 7; :=
(Mi1y - min) and 7 is a matrix with the rows 71 and 7. Let 2"(s) := (z](s), z4(s))
be a Nash equilibrium in G(s, 7). By Proposition 1 in [3] follows that this definition
is well.

n

Lemma 3. For each continous 7, the function ;(-) is continous.

Proof. Let s, — so. Then by definition of 2" we have

wl(nlasnuxlaxg(sn))a (2)

w1 (11, S, 27 (8n), 23 (sn))
g wa (N2, Sn, 27 (8p), 22).

wa (N2, Sn, x?(sn)v T3(sn))

AVARNY,
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for arbitrary (z1,z2) € X(s). Let 2* := (23, 23) be an arbitrary cumulation point of
(2"(sp)). Consider subsequence of s,, which leads (z"(s,)) to z*. By Assumption C1
and C2 and definition of w;, taking a limit in (2) we obtain

w1 (1, 50,27, 25) > wi(ny, so, 71, 23),
wg(’]’]g,SO,.’III,(E;) 2 ’U}Q(’l’]g,SQ,(ET,(EQ).

This implies that * is a Nash equilibrium in G(sg,n). As we have mentioned before
this game has unique Nash equilibrium z7(sg), hence z* = " (s). |

Lemma 4. For all i = 1,2 and I = 1,..., L, let 77?[() be a sequence of continous

function on S and
lim 7, (-) = ni.(:)
n— o0

in sup - norm on S. Then

; n" .
Jim 2 (s) = 2 (s), (3)
and
lim w; (5,27 (), 3" (5)) = wi (i, 3,27 (s),23(5)) (4)

in sup - norm on S.

Proof. Step 1 First we prove uniformly convergence in (3). We show that there
is exactly one cumulation point of the set of couples K := {(sn, 2" (sp)) i n € N},
where (s1, $2, ...) is a sequence such that

ilelg " (s) — x"(s)‘ = ‘x"n (sn) — 2"(sn)]|-

This sequence exists by Lemma 3. Let (s*,2*) be an arbitrary cumulation point of
the set K. Then there exisists a sequence containing in K such that

. k .
¥ = lim 2" (s) and s" = lim sy.
k—o0 k—o00

Note that in this equation above, we denote 2" instead 27" and sy, instead sy, for
simplify the notation. Note that

k k

k
k n n k n
w1 (771a5k7331 (Sk)aIQ (Sk)) Z w1 (nlvskaxlv‘IQ

(1))

k
(Sk)) 2 w2 (77§7Sk7$717 (Sk),.’[]g) 5

w2 (772 y Sk xl (Sk)u :EQ

(5)
when z; € A;(s;,) is arbitrary. Since the sequence 7* uniformely converges to 1, and
n is continous, hence 1*(sx) — n(s*). By continouity of w; and by (5) we obtain

w1 (7717 S*uxglﬁax;) 2 w1 (7717 S*,(El,l';) 3

w2 (7727 S*uxglﬁaxz) 2 w2 (n27 S*7$T7$2) 3
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which means that z* is Nash equilibrium in the game G(sg,n). By Proposition 1 in
[3] there is exactly one Nash equilibrium in this game. Hence each cumulation point
of the set K is in a form (s*,2"(s*)) i.e. is on the graph of 2"(-). Hence and by
Lemma 3, we immediately obtain that the unique cumulation point of the sequence

" (Sn) — ' (Sn)

is 0. This implies that 2" (-) is uniformely convergent to x"(-).
Step 2. The uniform convergence in (4) follows directly from uniform convergence
of the sequences z"" () and 1 (+), and uniform continouity of the functions u; and

gi- ]
In [14] it is proven following lemma.
Lemma 5. For i = 1,2 X; = [0,d;] be an action spaces. Let

e u,; satysfy condition C1,

e the functions & : [0,d1 + da] — Ry and ¢ : [0,d1 + d2] — Ry are twice
continously differentables, strictly concave and decreasing,

o for t € [0,dy + dg] we have & (t) < (;(¢) and &.(t) > ¢/ (¢).
Consider two games: p; in which the payoff function for player i is on the form
Wit (21, 22) = ui(z:) + & (@1 + 22),
and p2 with the payoff function
Wi (w1, 22) = wi(@:) + Gi(x1 + 22)

for (z1,22) € X1 x X3. Then there exists Nash equilibrium in the game p; say

x* := (xf,x3) and Nash equilibrium in the game ps say y* := (y7,y5) such that

Wi(a1,25) < W25, u3)-
By Lemma 5 we immediately obtain following lemma:

Lemma 6. If for each I = 1,..., L, and s € S holds n;,(s) < 77,(s), then

1 1 2 2
wi (n} 5,07 ()23 () < wi (0,527 (),23 () -
Proof. Fix s € S. Note that the games G(s,7’) j = 1,2 can be described as p; where
Wi (z1,22) == w;(n}, 8,21, 72) = wi(x;) + &i(T1 + 22)
with

L
&)=Y my(s)gi(s—1),
=1
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and
W2 (z1,22) = w;(n2, 8,21, 72) = wi(x;) + Ci(z1 + 22)

with
L

Gi(t) == Znil(s)gl (s—1t),t:=z1 + .
=1
Clearly u,, &;, (; are strictly concave, twice continously differentable and strictly mono-
tone (u; is increasing &; and ¢; are decreasing). Since 1/ ,(s) < 77 ,(s) foralll =1,..., L,
hence £(t) < ((t) for all ¢ € [0,dy + dz2]. Note that

L L
) == n(s)g (s =) = =D mii(s)gi (s —t) = ([(b).
=1 =1

Therefore conditions of Lemma 5 are satisfied. By Proposition 3 in [3] Nash equilibria
in both p; are unique, hence the proof is complete. |

ASYMPTOTIC NASH EQUILIBRIA IN THE n - STEP MODEL

In this section we consider finite horizon game. Define By(S) := {v: S — Ry : v(0) = 0}.
For every (v1,v2) € Bo(S) x Bo(S), s € S, 5 € (0,1], we define auxiliary two person
one shot game T'(8, v1, v2, $), in which the payoff function for each player i is
ki(ﬂ,’UuS,I) :ul(xl) +ﬂ Ui(S/)q(dS/|S,{E),
St

where © = (x1,22) € X(s). Since v; > 0, by the assumptions C1 and C2 the payoff
function this game has the same form as in section 3 in [3]. Hence by Proposition 1
in [3] we can conclude that for every s € S, this game have an unique proper Nash
equilibrium NET'(8, v1, ve, 5).
Obviously NET'(8, v1,v2,s) = (0,0) for s = 0.

Let 8 € (0,1] be a discount factor, and n be a horizon of the finite step game. For
i=1,2is€eS let ffl(s) = a;(s), and

via(s) = max i) = uil 3 (5)).

Clearly Ufl € By(S5). It Ufo(s) := 0 for arbitrary s € S, then

f_l = (f1ﬁ,1(5)7 fﬁl(s)) = NEL(B, Uf,oa Uzﬁyoa s).
Therefore flﬁ is a Nash equilibrium in the one-step game, vf 1 is an equilibrium function
for the player i and vfl = ki(B,vi0, S, (a1(s),az(s))). Analogously as in [14] and in

section 4 in [2], we can define ff2, ceey ffn € F; and vf2, ceey vfn € By(S) in the following
way

f_]f = (flﬁ)]gafg)]g) = NEF(ﬂavf7k_1av§k_1as) and
vle(s) = ki(B,v)p_1(s), s, i (5)),
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where s € S and k = 2,...,n. By Proposition 1 in [3], these definitions above are well.
Let wgn)’ﬁ be a n-step strategy for the player ¢ which is defined as

n)ﬁ (flluféz*aaff;) (fzn7fzn 17"7f51)'

(Clearly, ff fm pe1-) Let (B = (w%n) wén) 5). We denote ff, = ffn,
and (") := (wgn),wén)) = (7r§")’ ,wé )’5) when 5 = 1.

By the construction above and Bellman equations in the dynamic programming in
the finite horizon game (see [5, 6] or [15]), it follows that 7(")-% is a Nash equilibrium
in the n - step p-discounted game.

B
Ui,n - U’L n’

Main Theorem 7. For eachn € N andi= 1,2 hold

; By = £ (.

g}linlfz,n()_ z,n( )7 (6)
and

Jim o7, () = vi, () (7)

Both convergences are uniform on S (i.e. in sup - norm on S).

Proof. Clearly, the hypothesis is true for n = 1. Suppose that for some n € N the
hipothesis is satisfied i.e. if 5 — 1 then hold

and

uniformely on S. By Bellman equations (see [5, 15] or [15]) and conditions C2, we
conclude that n + 1 step game is on the form G(s,n”) with

17” ﬁ/ s 2Ai(ds'|s (8)

Let ;;(-) :== n},(-). By induction hipothesis we obtain sup |v (s) — v}, (s)| = 0, as
’ ses ’
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n — 0o. Hence

sup nfl(s) —nia(s)| < sup / ”511(5/) _ ’U;,n(sl) Ai(ds'|s)
SES sES %
+ (1—p)sup /Uzn(s’))\l(dsﬂs) (9)
ses %
< sup Ufn(s)—Uzn(s)‘—i—(l—ﬁ)nHuin—>O as 8 — 1.
ses

The thesis for n + 1 follows directly from (10) and Lemma 4. Hence uniform conver-
gences in (6) and (7) hold. |

Remark. If we additionaly assumed that the capacity functions a;(-) are Lipshitz -
continous with a constant 1 and that no measures \;(:|s) depends on s (i.e. \(:|s) =
Ai(+) for each 1), then the transition probability would be a special case of that from
Amir (1996). Then we immediately would obtain that the Nash equilibria are Lipshitz
continous with a constant 1, and uniform continouity in Main Theorem 7 and further
in Main Theorem 15 would be satisfied immediately.

Lemma 8. For arbitrary n € N let

B = (o7, 6" o)

(g’

be a certain collection of Markov strategies for player i depending on 8 € (0,1].
Moreover, assume that there exists a limit

¢ = lim g (10)
B—1
If the convergence in (10) is uniform, then
lim ( su
B—1 (SGE
Remark. Since Markov strategy for player i in n - step game can be treaten as n

- element vector from the space F}*, uniform convergence of Markov strategy means
uniform convergence of each component.

0 0P = 7 )60 ) =0, )

Proof. Clearly for n = 1 the hypothesis is true. Suppose that (11) holds for some n,
and this convergence is uniform. Note that by Bellman equations for finite horizon
game (see [5, 6] or [15]) we have

n+1), n+1), n+1 n+1
/Yit,;n—i-l (1#5 * )5, §+ )ﬁ) (3)_75114_1( §+ )7¢; + )) (S)‘ <

w2 (5)) = walo" V()] + BAL(s), (12)

where
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Ap(s) 1= wl () =W (s)]

(6 = [l (9477 007) (5 alas s, 6+ (), 650 o)
S

)

and

A6 = [2f (017087 (5 alas 5,6+ 5), 6+ 5).
S

By uniform convergence in (10) and uniform continuity of the function u; we know
that the first part of (12) uniformely converges to 0. It is sufficient to prove that
HA'B H converge do 0, when 8 — 1. Note that by condition C2, we obtain

L
=3[ [ (2 ) st (s = o0 ) - 5 s)) |
=1 S
and
L
=30 ([t (67 087 s ) (s o 0) - 0 o)
=1 S

Hence we have

sup |[A(s)] < sup |yl (7/f§n)’67¢§n)’ﬂ) (5) =Y (‘Z’gn)’ én)) (s)
= ses
L
R
s =1
< sup|y S (1/11" o ug 5) (5) =Y (¢§n)’¢2n)> ()
L
e Eo
=1 seS
with 1 1
#6) = ar (s — ") - 970 (4))
and

a(s) 1=t (s 00" (9) = 6§ (s)))
Clearly, by induction hypothesis it is sufficient to show that gf (+) = Gi(+) uniformly on

S. But it is also clear, because of uniform continouity of g; and uniform convergence
B
of ¢;. |

Denote M7 as a set of all Markow strategies for player ¢ in n step game.
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Lemma 9. Let

T2 = sup  sup |2, (x TP ) (s) =2 (77, ™)) ()] .
q/;(”)g/\/["ses

Then we have
lim 7, = 0.
B—1 7

Proof. Denote (") := (¢t ¢ . $(1)). We prove this theorem by induction.
Clearly this hipothesis is satisfied for n = 1. Suppose that the thesis of the theorem
is satisfied for some n € N. We have

Thur = s suplal (R0 g0t (5) = 57 L (0 gt ()

! b eMn sES

L
5 swp sup Y [ 42,0 )N ) (5 - £ (9) - 0D ()

w(n)e/\/[lﬂ ses I—1 2

L

=3 [ NS ) (5 = Fia(s) = 670
=1

T )

@\n

. Z sup sup gt (s = £7,1(3) = 6u(5)) = a1 (3 = Fisa(o) = ()|

ZeFl seS

IN

+

By indyction hypothesis 7:’6” — 0 when 8 — 1. By Main Theorem 7 and uniform
continouity of g;(-), the second term of the right side of the inequality above tends to
0 when 8 — 1.

|

Main Theorem 10. For arbitrary € there exist a constant By such that if B > B,
the profile (7r1 ) wén)) 18 - equilibrium in the 8 - discounted n - step game.

Proof. Fix n € N. From Main Theorem 7 it follows that, for each n € N 7(™):8
is uniformly convergent to 7(™) (when § — 1). Let j # 4 and (i,j = 1,2). Denote
o; as an arbitrary Markov strategy for player i. Let € be also arbitrary. From Main
Theorem 7 and Lemma 8 we conclude the existence of 1, such that for 5 > §; holds

€

W (7) () 222, (70 () - 5. (13)
Since 7(")-# is the Nash equilibrium in n step game we obtain

W (7Y (5) 290, (797,00 (). (14)

By Lemma 9 we conclude the existing a constant B2 > (1 such that for each § > (5
we have

’yfn (w&’li)’ﬁ, O'i) (s) > ’yfn (w&’li), ai) (s) — % (15)
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Combining (13), (14) and (15) we obtain

75n (W(")) (s) > %Bn (W(,"i), oi) (s) —e.

ASYMPTOTIC NASH EQUILIBRIA IN INFINITE STEP MODEL

For player 7 let S; be a set of all stationary strategies. Let & := &1 x Sz2. Note
that there is one to one correspondence between S; and the set of the functions
F;. Hence if the stationary multi - strategy 1 we can describe as ¢ = (¢, ¢, ...) for
some borel function ¢ € F', we denote ”yf(d)) (s) == ”yf (¥)(s). Similarly we can define
*yffn(gb) (s):== ”ygn(d)) (s), when the profile 9 is used in n step model.

Lemma 11. Let ¢ := (¢1,12) € S be arbitrary. Let ¢ = (¢, ¢, ...). Then
sup sup sup |7, (¢) (s) =7/ (¢) (s)] =0, when n — oc. (16)
$p€S pe(0,1] seS | 7

Moreover, for each stationary strategy ¢ holds

A (6) () < il Tos a7)

with
L

c- | (Z 91(8/)> plds')
S

=1

Proof. Let ¢ € F. Define (sg, $1, ..., S, ...) as a sequence of the states generated by
the stationary strategy profile ¢. Let so = s. It is easy to see that

Y (0)(s) =Y ES (ui (¢is)) B71) - (18)
t=1
From the assumption C2 for ¢ > 1 holds
2%(s) = B2 (ui(i(se))B' ")

L

= ZﬂtilEf /ui(gbi(stfl))Al (d5/|5t71)gl (Stfl - ¢1(St71) - ¢2(5t71))
=1
i S
< lullo Y2 B (i(se-1)) = llull o i (s), (19)

=1

L
W) B (z gl<st>)
=1
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for ¢t > 1 and
L

ho(s) = auls).

=1
To prove this lemma we just need to show that the series ztB ¢(s) are uniformely
convergent in (3, ¢,s). Clearly 0 < hg(-) < 1. Let t > 0 From assumption C2 we

have

L
h(s) = ZE? /Zgl IN(ds|st-1) g1 (st-1 — P1(st-1) — P2(st-1))
=1

g =1

(s ()

=1
= ChtB—l(S)'
Hence we have
hi(s) < Cxhj(s)<..<C7'RY(s) < O (20)

By Assumption C2 0 < C < 1. Obviously C' is a constant independent on s, ¢ and
B. Combining (19) and (20) we obtain

20s) < lullog by () < lulle CF (21)
Hence by Weierstrass criterion the series z,’? <z’(s) are uniformly convergent in (s, 3, ¢),

which complete the proof that the condition in (16) is satisfied. Condition (17) follows
from (18), (19), (20) and (21). |

Corollary 12. By Lemma 11 is easy to see that v;(7w)(s) < oo for arbitrary profile
7. Moreover, repeating the reasoning in the proof of Lemma 11 we can obtain (17)
for arbitrary profile m.

Lemma 13. For arbitrary 8 € (0,1] let (z/ﬂf, 1/15) € S be stationary multi - strategy.
If for player i holds

lim sup ‘wzﬂ(s) - wi(s)‘ =0, (22)
B—=1ses

then
i sup |y (w747 (5) =2t (1, 92) (5)| =

Proof. Let € > 0 be arbitrary. By Lemma 11 there exists ng such that for n > ng
we have

o (25 (5) = 27 (i) (5)] <

D (0008 (5) =20, () ()] + e (23)
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Fix n > ng. By (22) and Lemma 8 if we take a limit with § — 1, we obtain

lim ( sup
p—1 <SGS

e (8108) © =L (n,0m) )] ) =0

Hence and by (23) we have

lim sup <sug ”yf (1/)f,¢zﬁ) (s) — %‘ﬁ (¢1,12) (S)D <e.

B—1 s€

Since € is arbitrary this proof is complete. |

By the main results in [14] we can conclude uniform convergence of equilibria payoffs
in the finite horizon 8 - discounted game to the stationary equilibrium payoff in the
infinite horizon [ - discounted game, when the horizon tends to infinity. Moreover,
we also know pointwise convergence of Nash equilibria adequates to these equilibria
payoffs. This theorem bellow shows that convergence of Nash euilibria is uniform as
well.

Theorem 14. For arbitrary ¢ = 1,2, and 8 € (0,1) there exist a limits

f7(s) = lim f7,(s), (24)
and
ol (s) = lim_ v (5), (25)

Moreover, these convergences above are uniform on S (i.e. in sup-norm).
Further, the stationary multi-strategy ©° := (wf, wg), wiB = (ff, ff, .. ) is a Nash
equilibrium in g - discounted infinie horizon game and vf is equilibrium payoff ade-

quate to f# := (flﬁ,ff)

Proof. Fix 8. In [14] it is prooven uniform covergence lim v’ (-) = v/(:). We
n—oo 7’

also know that pointwise convergence in (24) holds, and f# := ( flﬁ , fQB ) is Nash

equilibrium and vf (s) =y ( 1B ) (s). We just need to show that the convergence in
(24) is uniform.

From Bellman equations for finite horizon game ([5, 6] and [15]) we conclude that
n + 1 horizon 3 - discounted game can be described as G(s,n?™) with

=1

nit(s) =8 / vl (s Ni(ds']s).
S
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and infinite horizon game reduce to G(s,n?) with

L
W) =B / oB(s" ) (ds')s).
=1 S

Note that
L
sup [nfi"(s) =l (s)| < D / () — vf(s/)] n(ds'|s)
ses -1
s
< B (o Bt
< sup|v;,(s")—vi(s)) =0 asp—1.
ses !V
Hence and by Lemma 4 we obtain uniform convergence in (24). ]

Remark. Problem of convergence of Nash equilibria and adequates equilibria payoffs
with horizon tending to oo is also solved for symmetric m - person games in [2]. Hence,
repeating the reasoning in the proof of Theorem 14 we would also obtain the same
results for m - person symmetric game.

Main Theorem 15. Fori=1,2 hold

lim f7() = £7() (26)
and

im 02 () = v* ().

lim o () = v () (27)

and these convergences above are uniform on S (i.e. in sup-norm on S). Moreover,
f* = (ff, f3) is a Nash equilibrium in the undiscounted game and v} is an equilibrium
payoff adequates to f*.

B

PR

this hipothesis is clear. Assume that for some n € N the function 8 — v® (s) is

i,m

Proof. First we show that the function 8 — v} (s) is nondecreasing. For n = 1

nondecreasing. Consider the game G(s,7%™) with

P (s) = B / o8 () (ds']s).
S

Clearly n?" is nondecreasing in 3. Note that by Bellman equations for finite horizon
game ([5, 6] or [15]) (fﬁnﬂ(s), fQBn-l—l(S)) = NEG(s,n?™). Hence and by Lemma 6

we immediately obtain that vf n41 is nondecreasing in 38 as well.
8

Since by Theorem 14 v (s) = lim v’ (s), hence v”(s) is nondecreasing in 3 as
n—oo 7’

a limit of nondecreasing functions. By Lemma 11 v? (s) < ||ull & Hence there
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exists a limit, say v} (s) := hrn1 v 5(s). We show that v?(-) is a payoff equilibrium in

undiscounted infinite horizon game. By Bellman equations ([5, 6] or [15]) for j # ¢
we have

L
s = um¢@»+ﬁ§j/v (M9 (s = F7() — ()
=1

v

L
(z;) + [32/ s\ (ds'|s) g (s - ff(s) - xz) . (28)
1=1

Fix s € S. Suppose that #* := (27, z3}) is a camulation point of f#(s) := (fl (s), ff(s))
Suppose that 8; — 1 is such sequence for which %Hnl [P = a*. Let (z1,72) € X(s)
—

be arbitrary. Now, if we put 5 := Sk in (28), and take a limit with k¥ — oo, then we
obtain

M=

i) = wilel(s) +

/ SIS |8)ar (s — () — 25(5))
S

l

+i

=1

1

v

s u(ds'|s)gi (s — ri(s) — i) . (29)

m\

Hence we obtain that (7 (s), z5(s)) = NET'(s,v7,v3,1). Proposition 1 in [3] guarantes

that this definition is well. Hence for each s € S, there exists a limit, say f7(s) :=

ngiml ff(s) By Corrolary 12 and then by Bellman equations (see [5, 6] or [15]) we
—

conclude that f* is a Nash equilibrium in undiscounted infinite horizon game, and

v (s) =7 (f*) ().
Now we show that f7(-) is continous. Note that by Assumption C2 the function
s — fv "Ai(ds’|s) is continous. Let s, — so. By (29) we have

L
wlf7 () + 3 [N Isn)gn (50 = £ 5) = F5(50)

=1 S

] =

> ui(z;) +

/’U V(s |sn) g1 (sn — [ (sn) — @) - (30)
5

=1

Let 20 := (29, 29) be a cumulation point of the sequence f*(sy) := (fi(sn), f3(sn))-

Let si be a subsequence of the sequence s, (again we denote sy, instead s, for simplify
the notation), such that 2° = klim f*(sk). Hence, if we put s, := s, in (30) and take
— 00

a limit with k¥ — oo we have
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M=

ui(ac? + /v "“i(ds'|s0) g (30 — x? — :vg)
s

l

Il
A

L
> ui(x;) + Z/ s (ds'|s0) g (50 — 1;0(5) — xl) .

=17
It means that (29, 29) =
rium in I'(sg, v7, v3, 1)
is unique and is equal (f7(s0), f3(s0)). Hence we obtain continouity of f(-) and hence
also v (). Hence, because 8 — vf (s) is monotone and v} (+) is continous as well, by
Dini Theorem it follows that v? (1) = v¥(-) as f — 1 uniformely which ends proof of
the uniform convergence in (27) . Consider a game G(s,7”) with

7711—[3/ s")\i(ds'[s),

NET(sg,v},v5,1). Hence and by uniquness of Nash equilib-

and game G(s,n) with

Nig = /Uf(s')/\l(ds'|s).

S

Clearly by Bellman equations (see [5, 6] or [15]) f8(s) = NEG(s,n?) and f*(s) =
NE G(s,n). We show that

771'6,1(') —ni1(-) (B —1).

uniformly on S. By Lemma 11 we know that v}(-) < % [|lui| - Hence we have

sup |1, (s) —mia(s)| < sup / 0P (s') = vur(s) | N(ds']s)
ses ses
S
+ B) sup /v )\[ ds
ses
S
. C
< vy (8) = v (s)| + (1 = B)—= l[uil| (o =0 asf — 1.
seS 1-C o0

Hence and by Lemma 4 we obtain that ff () = f#(-) uniformely on S, hence the part
(26) is proven. |

For ¢ = 1,2 define ¥ := (f, f7,...).

1 J2 )

Main Theorem 16. For arbitrary € and there exist By such that if B > By, stationary
mulli - strategy (wF,735) is e- equilibrium in 5 - discounted infinite horizon game.

we obtain that the cumulation point of the sequence (5 (sn), f3(sn))
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Proof. Fix arbitrary ¢ > 0 and o; € §). By Lemma 13 and Main Theorem 15 we
conclude existence of 5 such that for § > 31 we have

W) = A - 5 (31)
Since f# is a Nash equilibrium in the 3 discounted game, hence we obtain

WU = A en)(s), (32)
By Lemma 11 there exists ng such that for all n > ng holds

W) = A (ho(s) - 5. (33)

From Lemma 8 and Main Theorem 15 there exists 82 > (1 such that for 8 > [ we
have

€

Non(FZ00)(5) 2 A(f200i)(s) = 3. (34)

Combining (31), (32), (33), (34) we obtain
W) = Al (R oi)(s) — e, (35)

for arbitrary 8 > B2 and n > ng. By Lemma 9 if we take a limit with n — oo in (35)
we obtain

W) = A (f00)(s) —e (36)
To see that (36) is satisfied when o; is arbitrary strategy, we first note that for each
B, there exists a stationary optimal policy on f7 (say Uf ) in the j - discounted game.

If we put o; := of in (36) we immediately obtain (36) with arbitrary o;. To complete

the proof we can take By := (5. |

Example 17. Let us consider two person game in which S = [0,1], a1(s) = aa(s) =
8/2, u1(s) = ua(s) = /s, and the transition probability is of the form

q(-|s,x) =vs =z —2A() + (1 — Vs —x1 — 22) do (),

where A a uniform distribution on [0,1]. By [2] and Theorem 2 [3] there exists an
unique Nash equilibrium in the 5 discounted finite horizon game. We see that

FLa(s) = for(s) = s/2,
and
vl 1(s) = vg(s) = V/5/2.
For i = 1,2 and n > 1 we obtain ﬂ'fn)’ﬁ = ffn for

S

B —
fi,n(s) - 2+C1217
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and equilibria functions
1+ Bc;

S :7_0%4_2 s,

when ¢, is define in the following way: ¢; = 0 and for n > 1

2 1+ B2
Cnpl = = —— e,
i 3\/c2 +2

If we take a limit n — oo, we obtain

b /(18 — 83)2 4 16(9 + 432) — (18 — 88)
N 2(18 — 8p) '
From Theorem 14 we immediately conclude that

S

Bq) —
fz() 2+(05)27

and 7 = ( ff , fz’e ) is a stationary Nash equilibrium in the 8 - discounted infinite

horizon game and
148(f )2

()" +2

v} (s) Vs

is the equilibrium function. By Main Theorem 15, taking a limit 5 — 1 we obtain

20
.* S) = 787
fi(s) 30 + /192
and
. V192 + 10
v; (s) =

20192 + 600

By Main Theorem 16 it follows that the stationary strategy =* = (ff,f3) is a
Nash equilibrium in the undiscounted stochastic game with limiting average crite-
rion. Moreover, this strategy is e equilibrium in 3 - discounted infinite horizon game
for sufficiently large 5.
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