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Abstract: We introduce general formulas for the upper bound of gain
obtained from any finite-time trading strategy in discrete and continuous time
models. We consider strategies with constant number of assets traded and
strategies with proportional number of assets traded. Unfortunately, the
estimates obtained in the discrete case become trivial in the continuous case,
hence we introduce transaction costs. This leads to the interesting estimates
in terms of the so called truncated variation of the price series. We apply the
obtained estimates in specific cases of financial time series.
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INTRODUCTION

In [Lochowski 2010] we considered the following investment problem: let
P(n) and Q(n),n=0,1,2,.. be two non-stationary time series representing the
evolution of the prices of futures contracts for two commodities P and Q.
Assuming that the prices of P and Q are cointegrated, such that for some positive
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acand B the process aP-BQ is stationary, we considered the following long-run
investment strategy: buy the combination aP-3Q when its value fails below some
threshold -a and sell it when the value of the combination exceeds threshold a.
Buying the combination physically means entering intoo long positions in
commodity P contracts and entering into [ short positions in commodity Q
contracts. Similarly, selling the combination physically means entering into o short
positions in commodity P contracts and entering into [ long positions in

commodity Q contracts.

Naturally, similar problem may be considered for larger number of
cointegrated commodity contract prices.

The natural question arises whether the strategy described gives the best
possible gains or, at least, to compare it with some upper bound for the best
possible gain. To do so, in this article we introduce very general formulas for the
upper bound for gain obtained from any finite-time trading strategy in discrete and
continuous time. We consider two types of strategies:

1. Strategies with constant number of contracts or assets traded. In these models
one always buys the same number of contracts or assets.

2. Strategies with proportional number of contracts or assets traded. In these
models one always invests all money earned in the previous trading.

The bounds obtained are closely related to the path variation of the price time

series (which, on the other hand, is closely related to volatility). Unfortunately, the

bounds obtained in the discrete case become trivial in the continuous case, hence

we introduce (constant or proportional) transaction costs. This leads to interesting

bounds in terms of the so called truncated variation of the price series.

We apply the obtained bounds in specific cases. In the models with
constant number of contracts traded we assume the AR(1) structure of the
cointegrated price series and in the models with proportional number of assets
traded we assume exponential random walk structure of the price series. The
bounds obtained for the maximal gain in both cases reveal quite strong
boundedness properties — they have finite moments of all orders.

UPPER BOUND FOR GAIN IN MODELS WITH CONSTANT NUMBER
OF CONTRACTS TRADED

Discrete case

Let R(n) denote the value of the linear combination aP-3Q of a long
positions in commodity P contracts and 3 short positions in commodity Q contracts

(or the value of linear combination of greater number of contracts, under the
condition that it is stationary) at the moment n=0,1,2, ... Buying this combination
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at moments 0<b,<b,<.<b <T and selling it (i.e. closing all long and short

positions) at moments 0<s,<s,<...<S,<T such that b,<s,<b,<s,<.. we obtain
the following gain

G=R(s, )-R(b, }+R(s, )-R(b, )+.. +R(s,, )-R(b, ) (1)
(note that G may be negative). The immediate upper bound for G reads as
GSSUanUp05t0<t1<___<tn§r ER(tI )-R(tl-l )| (2)
i=1

The right-hand side of Eq. (2) is simply the total path variation of the time series
R(n) and we will denote it as

TV (R’[O’T ]):supnsupost0<t1<...<tn§T Z]R(t| )_R(t|1 )|' (3)
i=1
Due to the triangle inequality
la-ci<ja-bj+b-c|
we simply obtain
|R(ti >Rt )|§| R(t; )-R(t; '1)|+|R(ti'1)'R(ti '2)|+- . -+|R(ti'(ti_ti-1 )+1)'R(ti—l )|

- STR()-R(Gi-L).
Hence
Ggsupnsupost0<t1<..i<tn§|' Zn] R(ti )'R(ti-l )|Si] R(i)'R(i '1)|- (4)

(On the other hand, the opposite equality:

n T
supnsup0§t0<tl<.i.<tn§l' Z]R(t| )_R(ti—l )|ZZ]R(I)_R(I_1)|
i=1 i=1

T
is also true and we have TV(R,[O;T]):ZJR(i)-R(i-1)|.)Knowing the specific
i=1
structure of the series R(n) we may calculate the distribution of the random
T
variable Z]R(i)-R(i-l)| or e.g. certain characteristics of this distribution (like the

i=1
expected value).
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Remark. Reasoning similarly it is easy to obtain more accurate bound for G -the
positive path variation of the time series R(n) - which may be calculated with the
following formula

UTV(R OT):Zmax (i)-R(i-1)0}

To illustrate the possible appllcatlon of the obtained bound in a specific case,
let usassume as in [Lochowski 2010] that R(n) is a stationary, mean zeroAR(1)

process, such that for some ye(-l;l) and the sequence Z(0),Z(1).Z(2).... of
independent random variables with normal N (0,62) distribution we have

R(N+1)=yR(nHZ(n). (5)
Knowing that R(0) and Z(0)Z(1),Z(2)... are independent, we obtain that (cf.

[Eochowski 2010]) R(n),n=0,1,.. has normal distribution N(0o%/(1—y?))
Hence

R(i)-R(i-1)=(y— 1)R(i-1}2(n%|\|[0%+02}

~N (0 2iJ
1+y
From (6) we easily obtain the expected value of the variable TV (R,[O;T ])
EG<EY" |R()-R(i-L)=TE[R(1)-R(O)
\/_ 20 V262 2 o
1/ \/ 1+y \/_ \/_ \/ I+y

where Y is a standard normal random variable and 71~3.1415926.

(6)

E|Y| T T,

Continuous case with constant transaction costs

Now let us turn to the situation when the price process is observed in
continuous time and we may sell or buy the combination of the contracts at any
time between the moments Oand T.As it was already noticed in [Lochowski
2010}, for ye(O;l) the continuous counterpart of the AR(1) process given by the

recursion (5) is the Ornstein-Uhlenbeck process given by the following sde
(stochastic differential equation):

dR(t}=In(y R(t)dt-ror.| zy'”(vjdw( t), @)
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WhereW(t), t>0, is a standard Brownian motion.
It is well known that the total variation of any process being the solution of any sde
driven by a standard Brownian motion, dR(t):u(t,R(t))dt+0'(t,R(t))dW(t),
satisfying some mild regularity conditions (e.g. the continuity of the functions
u,o and o#0) has infinite total variation, given by the right-hand side of Eq. (2)
and Eq. (3) (see [Revuz and Yor 2005, Chapt. IV Proposition 1.2]),

TV(RJO:T ]=+oo.
Thus, our estimate (2) becomes trivial. Notice however, that it is no longer the
case, when we introduce constant transaction costs.
Let ¢/2>0 be the value of a constant commission, paid for every transaction

(regardless of the transaction value). In this setting, the right-hand side of Eq. (1)
shall be replaced with

G=R(s, )-c/2-R(b, )-c/2+R(s, )-c/2-R(b, )-c/2+.. +R(S,, )-c/2-R(b, )-c/2
=R(s; )-R(b, )-c+R(s, )-R(b, )-c+.. +R(s, )-R(b, )-C
and the estimate (1) becomes

CagsupnSl'lpogt0<t1<...<tn <T ZQ R(t| )_R(ti—l )|_C)

©)
SSupnSl'IpO§t0<t1<...<tn§r Zmaxq R(t| )_R(ti-l )|_C1O)'

i=1

(8)

The last estimate we will call truncated variation of the process R(t), t>0, and we
will denote it as

TV® (R'[O 1] ]):Supnsup0§to<t1<...<tnST ZmanR(ti )'R(ti-l )|_C1O) (10)
i=1

Remark. Again, more accurate bound forG in continuous time setting with
constant transaction costs is the upward truncated variation of the process

R(t), t=0, which is defined with the following formula

UTVC (R’[O ’T ]):Supnsup05t0<tl<...<tn <T ZmaX{R(t| )_R(ti-l )_C’O}
i=1

It is possible to prove that the truncated variation is always finite for any
process R(t), t>0, with continuous (cf. [Lochowski 2011]), cadlag (cf.
[Lochowski 2012]) or even regulated paths (cf. [Ghomrasni and Lochowski 2013]).
By a cadlag path we mean a path which is right continuous, lim, U, R(t):R(to ), and

its left limits, lim,, R(t)}=R(t,—), exist but may not coincide with the right limit
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limits.A regulated path is a path with left IimtTtoR(t):R(to—)and right limits
IimtitoR(t):R(tO+), which may not coincide with the value R(t, )

The properties of the truncated variation as the function of parameters C
and T are well known for broad class of stochastic processes (see [Lochowski
2012], [Bednorz and Lochowski 2012]). In particular, for the process given by Eq.

(7) we have the following estimate of the exponential moments of TVC(R,[O;T ])
stemming from [Bednorz and Lochowski 2012, Theorem 2]:

Eexp(ATV (R[0T ]2exp (2Ta(y.o W ATC B(y.0 1 20(Ty.0 )k

(1810 (Ty.0)exp (°n(Ty.c)
Here, oy.c) and B(y,c) are constants depending on y and & only and 8(Ty.o)
and n(Ty,cs) are constants depending on Ty and o.

UPPER BOUND FOR GAIN IN MODELS WITH PROPORTIONAL
NUMBER OF ASSETS TRADED

Discrete case

Now let us turn to another situation, when we buy assets (or portfolio of
assets) but we exclude the possibility of a short sale. Let

S(n)=S(0)exp(V (n)), n=0,1,2, .. denotes the price of the asset at the moment n.
Again, we assume that we buy this asset at moments 0<b,<b,<.. <b,<T and sell it

at moments 0<s,<s,<...<S,<T such that b,<s,<b,<s,<.. but contrary to the

previous strategy, where we were buying constant amount of the combination of
contracts, we invest all money available. To make it clear, we will calculate the

return from this strategy. The return from buying at the moment b, and selling at
the moment S, reads as

S(Sl)_l

S(b,)
Similarly, the return from buying at the moment b, and selling at the moment s,
reads as

S(SZ )_1

S(b,)
When we invest all the money obtained from selling the asset at the moment s, to
buy the asset at the moment b,, the return from all four operations reads as
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5(s)S(s,) |
S(by)s(b,)
Similarly, when we always invest all the money earned in the previous trading to
buy the asset again, the return from buying the asset at moments

0<b,<b,<.. <b,<T and selling it at moments 0<s,<S,<...<S <T reads as
st(sl)s(sz) . S(Sn) 1
S(b,)S(b,) S(b,)

=exp(V (s, )=V (b V(5 )-V (b I 4V (s, )V (b, )= 1.

Reasoning similarly as in the preceding section we obtain the following upper

bound
- s(s)s(s,) S(6,) |
S(b,)s(b,) S(b,)
=exp(V (s,)-V (b, JrV (s, (b, 1. +V (s, )=V (b, )1 (11)
<exp(TV (V]0:T ]))-1=exp @L Vi)V 1])» 1.

Remark. Similarly as for models with constant transaction costs, more accurate
bound for G is expressed with the exponent of the positive path variation of the
time series R(n) and may be calculated with the following formula

exp(UTV(R[O:T ]))- 1:exp(imax{R(i )—R(i-l),O}j— 1.

i=1

Assuming the specific structure of the series V(n), n=0,1,., we may
again calculate the distribution or characteristics of the upper bound obtained. The
simple yet widely used model assumes that the series V(n), n=0,1.... is a random

walk, i.e.

V(=X (WX (2)+.. +X(n), (12)
where X(n),n=0,1,.. are i.i.d. (independent and identically distributed). In
particular, assuming that X (1)X (2),.~N (,u,azl we may calculate

ER<Eexp(>7 V(i}V (i-1) | 1<Bexp (ST |x (i) }-1
=(Bexp(X (1)) - lz[ﬁzexp@ x|%jdx} 1.
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Continuous case with proportional transaction costs

Similarly as before, let us now turn to the situation when the price process is
observed in continuous time and we may sell or buy the assets at any time between

the moments 0 and T.The continuous counterpart of the discrete random walk (12)
with normally distributed increments X (1),X(2),.~N (/1,0'2) is the classical
Black-Scholes model of the evolution of stock prices, given by the following sde:

ds(t):(u—%zjs(t)dtms (t)dw (1), (13)

where W(t), t>0, denotes, as before, the standard Brownian motion. Under the

assumption that W(t), t>0, is independent from S(O) the solution of Eq. (13)
reads as:

S(t)=S(0)exp (ut+oW (t)) (14)
and the processV (t), t=0, may be written as
V (t)=ut+oW (t) (15)

(From the properties of the standard Brownian motion we immediately obtain that

X (1 () (-0 ()W (-D)N o)
are for i=1,2..., i.i.d. random variables.)
Again, in the continuous case, for V(t) given e.g. by Eqg. (15), the upper bound
given by Eq. (11) becomes trivial, since
TV (V]O:T =0

Thus, similarly as in the previous section, let us introduce transaction costs. In the
present case the transaction costs shall not be constant but rather proportional to the

transaction value. Let 66(0;1) denote the ratio of every transaction value paid as a
commission. Now, the return from buying at the moment b, and selling at the

S(s, )1-9)

———1.

S(b, )1+9)

moment S, reads as
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Similarly, the return from buying the asset at moments 0<b,<b,<...<b <T and
selling it at moments 0<s,<s,<...<s,<T reads as

S(s,)1-65(s,)1-6  S(s,)1-6

"S(b,)1+6S(p,)1+6  S(b,)1+6

:exp[ V2V (5 v ()0 v (5, v (0, )i 1“5] I

Denoting c:lnllJr—(;>O we obtain the following estimate

_S(s,)1-65(s,)1-6 S(s,)1-6
S(b,)1+6S(b,)1+6  S(b,)1+6

=exp(V (s, )~V (b, )-c+V (s, -V (b, )-c+.. +V (s, -V (b, }-c)-1 Remark
<exp (TV(V[O:T ]}~ 1 <+o0.
Again, more accurate bound for G in continuous time setting with proportional
transaction costs is expressed with the exponent of the upward truncated variation
of the process V (t), t=>0,

R<exp(UTVC(V[O:T )1

=exp (supnsupoqodﬁudn = > max{R(t; )-R(t;; )-¢,0 })— 1
i=1

By results of [Lochowski 2011, Sect. 2] it follows that for V being the
Wiener process with drift, given by Eq. (15), for any real p we have ERP<+oo,

and from the results of [Bednorz and Lochowski 2012, Theorem 2]) we get more
precise estimate of the form

ER®<Eexp(pTV°(V[0:T )2exp(p>Ta(o H-pTep( c}rp|,u|)
Here oc(cs) and B(G) are constants depending on & only.
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