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Abstract: The return rate in imprecision risk may be desdibs a fuzzy

probabilistic set [Piasecki, 2011a]. On the othdesin [Piasecki, Tomasik
2013] is shown that the Normal Inverse Gaussiarnbigion is the best

matching probability distribution of logarithmic ttens on Warsaw Stock
Exchange. There will be presented the basic prigseift imprecise return

with the Normal Inverse Gaussian distribution diife value logarithm. The
existence of distribution of expected return rateliscussed. All obtained re-
sults may be immediately applied for effectivenasalysis at risk of uncer-
tainty and imprecision [Piasecki, 2011c]
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INTRODUCTION

Typically, the analysis of properties of any seisuis kept, as analysis of re-
turn rate properties. The future value of a segusitpresented as a random varia-
ble. Distribution of this random variable is formalage of uncertainty risk. In [Pi-
asecki, Tomasik2013] is shown that the Normal IsggBaussiandistribution is the
best matching probability distribution of logarittmmone-day return rates on War-
saw Stock Exchange.

On the other side, any present value is approxiypatjual to market price.
For this reason a present value may be given agzy number. Then the return
rate of is given as a fuzzy probabilistic set. fertips of this return are considered
in [Piasecki 2011b] for the case of any probabitltgtribution of future value. In
[Piasecki 2014] the fuzzy probabilistic return pphed for financial decision mak-
ing.
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Taking into account all above results, we seeithptecise return rates on
Warsaw Stock Exchange may be determined by ondatgyrithmic returns as
fuzzy probabilistic set under the Normal Inverseu&an distribution. Basic
properties of these returns will be investigatedhis paper. The main goal of our
considerations will be to define a three-dimensigisk image for such logarith-
mic return rate.

RETURN RATES

Let us assume that the time horizon 0 of an investment is fixed. Then
any security is determined by two values:

- anticipated future value (FVy, € R* ,

—assessed present value (R R*.

The basic characteristic of benefits from owning fhstrument is a return
rater € R given by the identity

r =1y, V). 1)

In the general case, the functioriR* x RT — Ris a decreasing function of
PV and an increasing function of FV.

Let the set of all securities be denoted by theb®fih Each security Y is
represented by its return rate According to the principle of maximizing benefits
the set of all securities may be ordered by thetici R[r] c Y X Y defined as fol-
lows

YR[rlZ &1y = 1y5. (2)
In the special case we have here logarithmic retaten
—InZ
R=1In 7 3)
For any returng and logarithmic return® we have
r=r(1,eR). (4)

It means that any return rate is an increasingtfonof logarithmic returns.
Therefore any returp defines ordeR[r] equivalent to the orde?[R] defined by
logarithmic returi®. This observation prompts us to replace the sufdgny re-
turns by the study of logarithmic returns.

The FV is at risk of uncertainty. A formal moddlthis uncertainty is the
presentation of FW, as a random variablg: Q = {w} — R*. The sef is a set
of financial marketelementary states. In the ctadsapproach to the problem of re-
turn rate determination, PV of a security is idedi with the observed market
priceC. Then the return rate is a random variable, wisct uncertainty risk. This
random variable is determined by the identity

R(w) = ln@ . (5)
In practice of financial markets analysis, theanainty risk is usually de-

scribed by probability distribution of return ratég the moment, we have an ex-
tensive knowledge on this subject. Empirical Esithave shown that capital mar-
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kets can differ from each other type of best suitisttibution returns. That conclu-
sion is the result of a comparison research reseléding to the German capital
market [Eberlein, Keller 1994] with the results Mfroresearch dedicated to the
American capital market.[Weron, Weron1999]. Thising® out validity of

a search for type of return rates distribution mable to the Polish capital market.
From the literature it is known to a lot of subdits of empirical distributions of
returns on the Polish capital market. These rebalte been discussed in [Piasecki,
Tomasik 2013]. In the same book have been studirans on shares making up
the portfolios defining stock indexes WIG20,mWIG40d sWIG80. The survey
covered all quotations for the period from 09.298 8l 03.03.2010. This period
is divided into a bull market periods and bear raageriods. Distinct studies cov-
ered duration of each bull or bear market. In tdtedre were tested 694 time series
of quotations. The study subject was one-day ltiyaic return. Piasecki and To-
masik (2013)have shown that the Normal Inverse &anglistribution is the best
matching probability distribution of logarithmic teens on Warsaw Stock Ex-
change.

TheNormal Inverse Gaussian distribution was intoedu in [Barndorff-
Nielsen 1977]. This distribution is characterizedds = (a, 8, &, u) of four para-
meters fulfilling « € RY, B € (—a,a), § € Ry, u € R. The density function
fyic ¢ l@): R — R*of the Normal Inverse Gaussian distribution is gil®y the
identity

fuie(xlw) = fyie(xla, B, 6, 1) =

adKq|ay 62+ (x—p)?
_ TP, exp{o @B + b)) ©
where(;: Rt — R*is the modified Bessel function of the third kinetekrmined by
the identity

Ki(x) = %fooo exp {— > (y + %)} dy. @)
Let us take into account fixed security. If thetudlgition of its logarithmic
return rate is given by the identity (6), then tlemsity functionf, (- |C,@): R* —
R* of FV distribution is defined as follows

fV(x|C, w) = fnic (ln% |w) (8)

Assessment of security FV is based on objectivasmement only.
It means that the density function of FV distribuis independent of how the PV
is determined. Expected FV and its variance exigays. This is due to the fact
that expected value and variance exist for eacmidbmverse Gaussian distribu-
tion [Bglviken, Benth2000].

The security PV security is approximately equadeourity market pricé.
Thus it may be at imprecision risk. Then PV isaliéed by fuzzy number in the
sense given by Dubois and Prade(1979). This apprisastudied by Ward (1985),
Buckley (1987, 1992), Gutierrez (1989), Greenhuatet (1995), Kuchta(2000),
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Lesage (2001), Sheen (2005) and Piasecki(2011d,b20The security PV is a
fuzzy number dependent on market pri€e Each PV membership function
u(-|C): R* — [0; 1] fulfils following properties
u(C|e) =1, 9)
vx,y,zeR": x <y<z= y(y|(f) > min{,u(x|Cv),u(z|(f)}. (20)
The above-mentioned imprecision risk is caused élgalioural reasons.
Each investor takes into account the lowest passitdrket price and the biggest

one. The security PV should be greater than thesbwossible price. Also, the se-
curity PV should be less than the biggest possibte. Therefore, we additionally

assume about any PV membership functién|C): R* — [0; 1]that it fulfills fol-
lowing condition
VC € R*: 3Cin Cmax € RT: Copin < € < Cnax A #(Crin|€) = 1(Crrae|C) = 0. (11)
Immediately from (10) and (11) we obtain
VC € R*1x & (Cruins Comax) = A u(x]€) = 0 (12)
Some example of defined above PV is describedias@eki2011a].

Then the return rate is at risk of coincidenceeutainty and imprecision.
According to the Zadeh extension principle, fortefixed elementary statee) of
financial market, membership functigi-, w|C): R - [0; 1] of logarithmic return
rate is determined by the identity

p( w|C) = max {u(y|é):ye[R§+,r = ln@} = u(e R -V, (w)|C) . (13)
It means that the logarithmic return rate considdrere is represented by
fuzzy probabilistic set defined by Hiroto (1981For this reason, this logarithmic
return rate is called fuzzy probabilistic logariflermeturn.

IMPRECISE ASSESSMENT OF RETURN RATE

For any fuzzy probabilistic logarithmic return wetermine the parameters
of its distribution. We have here distribution apected logarithmic return rate

o(R|C) = f0+°°;1(e_R -x|C) - fy(x|C, @ )dx. (14)
Integrating by substitution we obtain
o(RIC) = e [ u(e|C) - (e - t]C,m)dt = e - [ u(e|C) - fi (e - t]C,m)de .
It proves that distribution of expected logarithméturn rate always exists. Distribu-

tion of expected return rate- |C): R — [0; 1] is a membership function of fuzzy subget

in the real line. This subsé represents both rational and behavioural aspactse ap-
proach to estimate the expected benefits. Thertpected logarithmic return rate is de-
fined as follows

R=R(C)= L5 re(R|C)ar (15)
7= o(R|C)ar
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Similarly as in the case of precisely defined nettate, there are such distri-
butions of expected logarithmic return rate for eththe expected logarithmic re-
turn rate does not exist. We then replace thigibligton with a distribution trun-
cated on both sides, for which the expected ldgaiit return rate always exists.
This procedure finds its justification in the theoof perspective [Kahneman,
Tversky 1979]. Among other things, this theory digss the behavioural phenom-
enon of the extremes’ rejection.

The expected logarithmic return rate is at riskun€ertainty and impreci-
sion. The image of this risk is described in [Pi&$2011c].

We use the following variance of return rate asahsessment of the risk
uncertainty
o2 = g2 (Cv‘) _ f:: f0+°°x-v(x,y|vC)-fV(x C, ZD')dydx

LI v(x, y|C)-o(x

= 16
C, ZD')dydx (16)

where

v(w F@)c) = {retp R+ el) p(R tmolt)l 20 )
Imprecision is composed of ambiguity and indistirests. Ambiguity is the

lack of clear recommendation of one alternativenframong various alternatives.
In accordance with the suggestion given in [Czagjaéd.1982], we evaluate the

ambiguity risk by energy measdr(eﬁ)of expected logarithmic return rate distribu-
tion R. This measure is determined by the identity

f_Jr;o Q(X|Cv')dx _

0= 6(6) = 1+f_+;°Q(X|é)dx- .

(18)

Indistinctness is the lack of explicit distinctibetween the information pro-
vided and its negation. According to the suggestioren in [Gottwald et al.,
1982], we evaluate the indistinctness risk by epytrmeasure(ﬁ) of distribution
of expected logarithmic return rake This measure is described as follows

12 min{o(x|C)1-o(x|C)}ax
1+f_+;° min{g(x|Cv),1—g(x|Cv')}dx'

e=¢(C) = (19)
In this way we describe security with imprecisioeturn as the pair
(R,(02,6,¢)) whereR is expected logarithmic return rate a@f,s,¢) is the
three-dimensional image of risk of uncertainty, aplty and indistinctness. In
[Piasecki2011c] this pair is applied for analydisecurity effectiveness.

CONCLUSIONS

In this paper is shown that for the Normal Inve@aussian distribution the
expected logarithmic return rate distribution ahceé-dimensional risk image al-
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ways exist. Due to results obtained in [PiasecKi4}Qhese tools may be applied
for decision- making on Warsaw Stock Exchange.usehote that for any security
all above models are depend on its current marries.p
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