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Abstract: Fuzzy TOPSIS method enables linear ordering ofeatbj
characterized by linguistic variables, which valummstitute expressions
emerging from natural language. Crucial, howevdteroneglected phase
of this method is a selection of the way of introidig linguistic expressions
by fuzzy numbers. Therefore, in this article onggasted a modification
of fuzzy TOPSIS method using Rating Scale Model NIRSo establish
triangular fuzzy numbers. A suggested method esaddéablishing the rank
of objects on the basis of objective criteria anbjsctive weights expressed
in the form of triangular fuzzy numbers. Usabilidf the suggested method
was confirmed by an empirical example, concernimgedr ordering of
selected smartphones models.
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INTRODUCTION

TOPSIS method belongs to the linear ordering grlgwing for synthetic
assessment of multidimensional objects. In an maigiversion of the method
suggested by Hwang and Yoon [1981], synthetic meaistevaluated on the basis
of Euclidean distance from positive-ideal solutiand negative-ideal solution.
Fuzzy modification of TOPSIS method suggested berC[R2000], enables for
a synthetic assessment of multidimensional objedtsh the implication of
linguistic variables and triangular fuzzy numbd#ewever, this method does not
suggest the way of expressing linguistic variablegriangular fuzzy numbers. The
way of estimating fuzzy numbers’ parameters playsnaportant role in a final
linear ordering of objects according to synthetitecion. Therefore, the purpose of
this article is to present a proposition of fuzZ9HASIS method modification, which
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is based on the implementation of the Rating Sddtelel in estimating the

parameters of triangular fuzzy numbers. A suggestethod assumes that
criteria’'s values are shown on a metric scale, avitliteria’s weights are

introduced in the form of linguistic values. Usépilof a suggested method was
presented on the basis of empirical example.

FUZZY TOPSIS METHOD

Let's assume that a certain set of objé\cE{A|i = l...,n} and a set of
criteria C :{Cj\j = 1...,m}, where X ={Xj|i =1..,n;j= :L...,m} stand for a set

of fuzzy evaluation criterion antiv ={\ij|j = l...,m} a set of fuzzy weights.

Linear ordering of objects with the above outliressumptions is possible among
others through the application of fuzzy TOPSIS radthAn example of applying
this method can be found among others in studiedJgéin and Riadi [2011],
Yayla and in. [2012], Madi and Tap [2011], Matinagt [2011], Chang and Tseng
[2008], Erd@an et al. [2013], Ataei [2013].

Application of fuzzy TOPSIS method requires thecmplishment of the
following steps [Chen 2000]:

Step 1 Calculation of normalized fuzzy evaluation aigie

Z,(X) =nx71 i=1..,n; j=1..m. 1)

Step 2 Calculation of weighted normalized fuzzy evaio@fcriteria:

Vi (X) =W;Z; (%) . 2)

Step 3 Appointing positive-ideal solutionA® and negative-ideal solutiorA”
development:

A =T (0,5 ()57 (0,95 (0}

{(maxw, (1 0 3,), (ming, ()1 0 3,)i = 1.}, 3)
A =0 (0,95 ()77 (0,7, (0}
i(miinvij (9] 0 3,), (max¥, () ] 03, = 1.0}, (4)

where J; and J, are respectively the benefit criterion and the cagerion.

Step 4 Calculation for each object a distance from fpessideal solutiond,” and

negative-ideal solutiond™ (in an original work it is an Euclidean
distance).
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Step 5 Calculation of a synthetic measure:
d- .
L= @...,n). 5
Measure values (5) are normalized in an interv&1>. The smaller the distance

of an object is from a positive-ideal solution &hd bigger from a negative-ideal
solution, the closer the value of a synthetic mema@uito cohesion.

c'=

Step 6 Establishing the objects ranking. The best dljams the biggest value of
a synthetic measure.

FUZZY TOPSIS METHOD BASED ON THE RATING SCALE MODEL

RSM model

RSM model is one of the best known IRTefn Response Model) models. It
was suggested by Georg Rasch [1960] and then eedebg David Andrich
[1978]. This model enables to estimate the chorodability by a respondent of
a certain category, in the assessment of a seléetedscale. Probability depends
on the level of “difficulty” of item scale, “the dly” of the individual and
threshold for a certain category. In accordancen VIRISM model, the choice
probability by the n-th respondent of the category on i-th item scale is
expressed by the equation [Andrich 1978]:

) expjio[ﬁn (a7,
X iexpg[ﬁn ~(g+r,)

k=0

(6)

L,

where: S, — the level of then-th respondent’s ability to give a correct answeer f
I -th item scale,
d — the level of difficulty ofi -th item scale,

7, — threshold forj -th category withini -th item scale.

A presented model allows to convert measure refolts ordinal scale into
interval scale. However, it does not find an amilan and answer in the analysis
of "extreme” patterns on the item scale (e.g. wherespondent chooses extreme
categories like “definitely unimportant” or “deftely important” within all items
scale). An advantage of this model is a fact thatameters concerning
a respondent and item scale are expressed by a@omeasure unit (described as
logit) on the same continuum. It is also necessagmphasise that its application
requires to accept the assumption about one-dimealdly scale (all items scale
measure only one latent variable) and local inddpece of item scale (an answer
for certain item scale is independent from the amdar other suggestions).
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The most important parameters of RSM model, froeilew of conversion
of verbal categories to the form of triangular fuzmumbers, are threshold values
for these categories. Threshold values are appmbinte continuum of latent
variable in the point of characteristic curves ligéetion of characteristic and
adjacent with each other categories. Thereforkreshold value constitutes a point
in which a choice probability of a respondent ohéhe two adjacent categories is
the same and comes to 50%. A detailed charactsrigfithreshold values in IRT
models together with a graphical presentation ohetuLinacre study [2010].

Characteristics of fuzzy RSM-TOPSIS method

Let's assume that a measurement of criteria’s eaflalkes place in a metrical
measure scale. Variables weights are assigned dirext way (by experts,
respondents etc.) through linguistic values (eagy Y¥mportant, unimportant etc.).
In such a case, linear ordering of objects is ftsghrough application of fuzzy
RSM-TOPSIS method. It constitutes the hybrid limkfnzzy TOPSIS method and
RSM model. This method assumes that, criterion teigxpressed in the form of
linguistic values are transformed to the form d@drigular fuzzy numbers with the
application of RSM model. The accomplishment of timethod takes place in five
distinguished stages outlined below:

Stage 1 Selection of criteria for objects’ assessment;

Stage 2 Normalization of criteria’s assessments (ther@ ineed to apply
normalization formula appropriate for metric scgles

Stage 3 Assessment of the criteria’s importance by listjo expressions;
Stage 4 Conversion of linguistic values to the form ogty numbers.

A suggested approach assumes at this stage theofus$#&SM model
procedure. Support for triangular fuzzy numbersdudered linguistic values are
determine in accordance with threshold values, lwlace assigned to certain
categories. Table 1 illustrates formulas neededestablish triangular fuzzy
numbers parameters for each of the categoriesmgistihed within j -th criterion.
An example concerns rating scale with five ordevedbal criteria, which are
properly appointed as follows: definitely unimparta(DUI), unimportant (Ul),
medium important (Ml), important (1), definitely portant (DI).
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Table 1. Formulas for estimating triangular fuzzynbers parameters for linguistic values

Fuzzy number parameters
Category Y P

a b Cc

DUI -4 -4 T,
T.+T

U| Til il 2 i2 Ti2
T..+T.

Ml Ti2 i2 2 i3 Ti3
T..+T.

| Ti3 i3 2 i4 Ti4

DI T, 4 4

Source: own study

In the case of parametes and ¢ of a fuzzy number assigned to the most
beneficial category it is determined on level 4claracteristic feature of RSM
model is a fact that, threshold values for paricwdategories can differ within
criteria of objects’ assessment. It means thatgestgd in this article approach
requires estimation of fuzzy numbers parameteraraggly for each criterion.

Stage 5 Averaging the assessment of significance throudtutzing arithmetic
mean of fuzzy numbers in accordance with an equiatio

W =D W, (7)
i=1
where: W; =(a1-j ,hj,qj) - weight j -th criterion assigned bi-th respondent.

Stage 6 Rating normalized weighted criteria’s assessments
Normalized weighted assessmehtth object according toj-th criterion is

estimated in the following pattern:

Y (x)= W,z (x) (8)
According to the principles of arithmetic of fuzaymbers described among others
in the study of Iron [1998] equation’s result (8)iso a fuzzy number.

Stage 7 Determining a positive-ideal solution and negaideal solution of
development.
According to the fact that, the obtained resultstige 4 have triangular form of
fuzzy numbers, there is a problem of determininigiga’s values for positive-ideal
solution and a negative-ideal solution. Therefohere is an issue of comparing
fuzzy numbers and then a choice of maximal andmahifuzzy number for each
of these criterion. In order to do that, defuzafion of normalized weighted
assessments is suggested, to show for each ofiamitdne best and worst value.
Next, they will constitute a positive-ideal solutis coordinates, depending on the
fact if a criterion influences benefit criterion @wst criterion on synthetic criterion.
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Formulas of defuzzification fuzzy numbers were lmledd among others in the
study of Opricovic and Tzeng [2003].

Stage 8 Calculation the distance of assessed objeats &@ositive-ideal solution
and negative-ideal solution.

It is suggested to apply Euclidean distance imesthg the distance df-th object

from positive-ideal solution and negative-idealusioin. This distance for two

triangular fuzzy numberd and B is expressed by an equation:

~ = 1
a(A8)= L@ -0 +(a-nf +(a-b) ©
Stage 9 Determining the ranking of objects on the basian equation:
C' = 4
di+ + di

The higher the value of synthetic measure is, tlghdr object’s position in
a ranking is.

(10)

EMPIRICAL EXAMPLE

Fuzzy RSM-TOPSIS method was applied to linear andeof 10 selected
smartphones, available on Polish market. Selectedets according to repérof
skapiec.pl, were the most wanted ones in January 201%he models were
characterized by six criteria:

x — screen size (inches),

X,, — screen resolution horizontally (px),

X,, — Screen resolution vertically (px),

X, — resolution of built-in digital camera (Mpx),
X, — quantity of built-in memory (GB),

Xs — RAM memory (GB),

X, — maximal time of conversations (h).

The importance of particulary criteria in using stphones was assessed on
the basis of survey research results (internetesQiywhich was conducted among
smartphones’ users in June 2014 r. This attemptoivparposeful character and its
numerical amount came to 47 respondents.

Criteria were normalized in accordance with a fdamof linear scale
transformation [Shih et al. 2007]. Normalized aiés values were distinguished
in Table 2.

! Special report: Telephones, Servig@kc.pl, January 2014.
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Table 2. Normalized data matrix

Model X %2a Xob X3 X, Xs Xg
Samsung Galaxy S4 19505 0,11 | 0,15 0,15| 0,16 0,14 0,16 0,14
Samsung Galaxy S3 9300 0,11 | 0,20 | 0,20 0,10, 0,14 0,08 0,17
myPhone Next 0,10 0,08 0,08 0,10 0,03 0,08 0,04
Samsung Galaxy S lll mini 181900,09 | 0,07 | 0,06| 0,06 0,07 0,08 0,11
Samsung Galaxy S DUOS S75520,09 0,07 0,06 0,06 0,02 0,06 0,10
Samsung Galaxy Note Il N900b 0,13 0,15 0,15 0,16 0,28 0,28 0,17
Sony Xperia Z 0,11 0,15 0,15 0,16 0,14 0,16 0,11
Goclever Quantum 4 0,09 0,07 0,06 0,02 0,03 0,04 0,04
Apple iPhone 5 16 GB 0,09 0,09 0,09 0,10 0,14 0,08 0,06
Sony Xperia J 0,09 0,07 0,07 0,06 0,02 0,04 0,06

Source: own calculations

The importance of particulary criteria, respondeagsessed through rating
scale, which points constituted linguistic valuedefinitely unimportant”,
“unimportant”, “medium important”, “important”, “danitely important.” None of
the respondents assessed criterion as “definiteignportant” or “unimportant”,
therefore in a further analysis three other lintiaigalues were used.

On the basis of the results of assessments’ impoetand in accordance
with RSM model, characteristic curves were estiohdte all criteria. Graphical
picture of curves was distinguished in Figure 1.

In accordance with a suggested in this article ntbth basis of conversion
of the results of assessments’ importance to the fof fuzzy numbers are the
points of intersection of particulary charactedsturves. These points’ values for
each of criteria were distinguished in Table 3.

In accordance with formulas included in Table ¥, tonversion results is an
expression of linguistic values through triangdlaazy numbers. Estimating within
each criterion an arithmetic mean from fuzzy numskalowed to obtain averaged
weights for each of criterion. Parameters of tridag fuzzy numbers being
criteria’s weights were distinguished in table 3.

Table 3. Threshold values and weights for criteria

Criteria Thresholds Weights
I, 7, a b c
X 0,32 3,16 1,06 2,21 3,30
Xoa -0,08 2,77 0,99 2,25 3,17
Xop -0,08 2,77 0,99 2,25 3,17
X5 -0,28 2,57 0,96 2,18 3,13
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Criteria Thresholds Weights
T T, a b c
X, -0,49 2,36 0,97 2,36 3,17
Xg 0,60 3,44 0,92 2,84 3,15
Xs 0,32 3,16 0,83 1,59 3,08

Source: own calculations with the application ofreRackage of R programme

A graphical form of the obtained average assesshénportance in the
forms of triangular fuzzy numbers was presentedhenbasis of criteriorx, (see

figure 2).

Figure 1. Characteristic curves for criteria

ICC plot for item x1 ICC plot for item x2
o | ® -
= =
3 & 57
L2 - 2 |
Z < 2 <
3 o 5 o]
& 8
8 7 8 q
[ T o |
< T T T T T e T T T T T
4 -2 0 2 4 -4 -2 0 2 4
Latent Dimension Latent Dimension
ICC plot for item x3 ICC plot for item x4
2 ) 3] b
5 e g 24
] - 2 4
R £ s
5 o 5 o
@ @
g g A
[ & o
= T T T T e T T T T T
-4 -2 0 2 4 -4 -2 0 2 4
Latent Dimension Latent Dimension
ICC plot for item x5 ICC plot for item x6
2 ) 2 )
8 8- 8 8
£ B el -
Z < 2z 5
I 3 31
8 7 ] q
T o | T o |
b T T T T T e T T T T T
-4 2 0 2 4 -4 -2 0 2 4
Latent Dimension Latent Dimension

Source: own calculation with the application of eRatkage of R programme



120 Bartlomiej Jefmaski

Figure 2. Average assessment’s importance forrimitex;

fuzzy numbers
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Source: own study with the application of fuzzyCdelgage of R programme

Normalized weighted assessments of criteria wetiemated in accordance
with arithmetic principles for fuzzy numbers anduation 8. The results in the
form of parameters of triangular fuzzy numbersiat@duced in table 4.

Establishing positive-ideal solution and negatidedl solution requires
recommendation among normalized weighted assessmaatimal and minimal
value. In order to do that through the defuzzifmatmethod presented in the
studies of Ding and Liang [2005] and Wysocki [201@ fuzzy numbers were
compared within each criterion:

o =(a +4n +c)/6 (11)
Because all criteria influence in a benefit way gymthetic criterion, it was
assumed in ideal-point solution for each critennaximal weighted assessments,
however in a negative-ideal solution minimal assesgs. Values for fuzzy ideal-
point solution and negative-ideal solution werdidguished in table 5.

The distance of particulary objects from a posiitkeal solution and
negative-ideal solution was estimated in accordamite an equation (9). The
distance of objects together with the values oftlegtic measure (10) was
introduced in table 6.

In a ranking gained on the basis of a suggestethadethere are objects
very close to a positive-ideal solution as welltlas ones of a very low value of
a synthetic criterion. The highest value of a bBgtit measure was obtained for
Samsung Galaxy Note Ill N9005 model. There are amoa high place in
a ranking, other models like Galaxy S4 19505 andyS¢peria Z. The lowest value
of a synthetic measure gained Goclever Quantund4sany Xperia J models.
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Table 4. Values of normalized weighted criterisssessments
Criteria
No. Model X Xoq Xop X, X, Xs Xg
a|lb|lc|la|b|clal|lbl|lc|lal|lb|c|lal|b|c|la|b|c]|e|bl|c
Vi
1 Isgzrg;ung Galaxy S4 4 15! 0,25/ 0,37/ 0.34| 0,34] 0.48| 0,15| 0.35| 0,49| 0,16| 0,35| 0,51/ 0,13 0,33] 0.44| 0. 14| 0.44| 0.49]0,11]0, 21]0,42
2 %2?;3””9 Galaxy S3 4 111 0.24| 0,35/ 0,23/ 0,23/ 0.32] 0,10/ 0,23 0,33] 0,10] 0,22| 0,31| 0,13 0,33] 0.44| 0,07{ 0.22| 0.25/0,140, 270,52
3 |myPhone Next 0,11] 0.22] 0,33]0,17 0,17/ 0,24/ 0,08/ 0,17] 0,25/ 0,10] 0,22] 0,31[0,03] 0,08] 0,11] 0,07 0.22] 0,25/0,03 0,060, 12
4 ﬁfﬂ;‘f?ggg'axy S 0,09] 0,20| 0,29/ 0,15/ 0,15| 0,22| 0,06/ 0,15(0,20| 0,06 0,14] 0,20( 0,07/ 0,16] 0,22/ 0,07/ 0,22/ 0.25/0,090,180.35
Samsung Galaxy S
5 |oH0S Sy56 0,09| 0,20| 0,29|0,15( 0,15/ 0,22| 0,06/ 0,15/ 0,20| 0,06| 0,14| 0,20| 0,02/ 0,04| 0,05/ 0,06|0,17]0,19|0,090,16/0,32
g |Samsung Galaxy |, 3|4 550 42(0,340,34]0,48| 0,15 0,35/ 0.49| 0,16| 0,35| 0,51|0,27]0.65| 0.88| 0,22/ 0,671 0,7410,140, 270,51
Note 11l N9005
7 |Sony Xperia 7 0,12| 0,25/ 0,37/ 0,34/ 0,34] 0.48] 0,15/ 0,35/ 0,49| 0,16 0,36| 0,51/ 0,13] 0,33( 0,44/ 0,14| 0.44| 0,49]0,090,160,34
8 |Goclever Quantum 40,09] 0,20[ 0,29] 0,15/ 0,15/ 0,22/ 0,06/ 0,15| 0,20] 0,02] 0,05/ 0,08[ 0,03| 0,08/ 0,11] 0,04 0,11]0,23/0,030,060,12
9 é%p'e iPhone 516 |, 591 5 20| 0,29]0,20] 0,20/ 0,29/ 0,09| 0,21/ 0,29] 0.10| 0,22| 0,31/ 0,13|0.33| 0,44/ 0,07| 0.22|0.25/0,050,10]0, 20
10 |Sony Xperia J 0,09] 0.20] 0,29|0,15( 0,15/ 0,22] 0,07 0,16| 0,22] 0,06 0,14| 0,20{ 0,02/ 0,04| 0,05( 0,04 0,11] 0,13]0,050,090,18

Source: own calculations
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Table 5. Criteria’s values for positive-ideal s@atand negative-ideal solution

L Positive-ideal solution Negative-ideal solutipn
Criteria
a b c a b c
X1 0,12 0,25 0,37 0,09 0,20 0,29
X2a 0,34 0,34 0,48 0,15 0,15 0,22
Xo2p 0,15 0,35 0,49 0,06 0,15 0,20
X3 016 | 035| 051 002 005 0,08
X4 0,27 0,65 0,88 0,02 0,04 0,0%
X5 0,22 0,67 0,74 0,04 0,11 0,13
X6 0,14 0,27 0,52 0,03 0,06 0,12

Source: own calculations

Table 6. Objects’ distance from a positive-idedlison and negative-ideal solution
together with the values of synthetic values

No. Model d- d* C, Rslr;lggg
1 | Samsung Galaxy S4 19505 2,71 1,03 0,73 2
2 | Samsung Galaxy S3 19300 1,80 1,94 0,48 4
3 | myPhone Next 0,67 3,07 0,18 7
4 | Samsung Galaxy S Il mini 18190 0,78 2,96 0,21 6
5 | Samsung Galaxy S DUOS S7562 0,47 3,29 0,12 8
6 | Samsung Galaxy Note IIl N9005 3,79 0,08 0,98 1
7 | Sony Xperia Z 2,63 1,12 0,70 3
8 | Goclever Quantum 4 0,07 3,67 0,02 10
9 | Apple iPhone 5 16 GB 1,25 2,49 0,33 5
10 | Sony Xperia J 0,23 3,51 0,06 9

Source: own calculations

SUMMARY

TOPSIS method belongs to the group of most oftepliegh methods in
a linear ordering of multidimensional objects. figzy modification enables to
conduct analyses in the fuzzy information cond#iowhen objects’ assessments
and/or criteria’s weights are introduced in thenfoof linguistic values. It allows
respondents to formulate assessment in a moreahatay than through numbers,
but at the same time it causes that this descnipidess precise and subjective.
A theory of fuzzy sets seems to be helpful andwallfor among others to express
out of vague and ambiguous terms thanks to fuzzynbews. Taking into
consideration a fact that the results of a linealeong of objects can depend on
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parameters describing fuzzy numbers at their etittmahere is a need to apply
appropriate methods.

This article presents a suggestion of fuzzy TOP®Khod modification
based on RSM model. It allows for conversion of #ssessments of criteria’s
importance expressed by linguistic values to thienfof triangular fuzzy numbers.
As it results from the algorithm of a suggestedthis article method, it can be
sensitive for several parameters subjectively amdgea researcher: normalization
formula of variable, distance measure between fumambers and the way of
comparing fuzzy numbers by defuzzification methdtls also worth emphasizing
that, RSM model is one of many IRT models, whicin t@ applied in a fuzzy
TOPSIS method. Therefore, in further research litsg tethod, it is planned to
conduct a conversion of linguistic values to therfof triangular fuzzy numbers,
also thanks to such models like: Partial Credit Mp&Generalised Partial Credit
Model and Graded Response Model.
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