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Abstract: Income distributions can be described by measufesentral
tendency, dispersion, skewness, kurtosis or byxesleof polarization. In
numerous studies, Gini coefficient and Lorenz cuhave been used to
investigate inequality of incomes. Income distribng can also be analysed
in comparison to one another. In the article twoasuees belonging to
Csiszar's divergence class have been used to fidetite degree of
differentiation of income distributions among the Eountries in 2005 and
2012. Similar and dissimilar countries with respiectlistribution of income
have been identified and the change of divergefdelbcountries income
distributions between 2005 and 2012 has been &skeEsropean Union
Statistics on Income and Living Conditions (EU-S)L@ataset has been
used.
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INTRODUCTION

Income levels and income distributions draw attentiof researchers,
especially those analysing labour markets, socilcy and poverty. Many
of studies concern the processes of income conweeger divergence, while other
explore the properties of income distributions Juding income inequalities, e.g.
(Jedrzejczak 2012) and (Quintano et al. 2009). Inahele, Csiszar's divergence
measure have been applied to assess income inggnalEU countries, and to
identify the degree of differentiation of incomestiibutions of all EU countries in
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2005 and 2012. Similar approach to analyzing digaiity of distributions
of economic variables has been used in (TomczyR R{Podolec et al. 2011) and
(Wedrowska 2011).

MEASURES OF DIVERGENCE

The importance of measures of distance betweenapility distributions
arises because of the role they play in problemmfefence and discrimination
[Ullah 1996]. Divergence measures based on theeminaf information-theoretic
entropy were first introduced in communication tlyeby Shannon in 1948 and
later developed by Wiener in 1949. These typesexdsures describe the degree of
similarity between a pair of probability distriboms.

One of the most general probability measures whialis a significant role
in information theory is the well known Csiszai-divergence [Csiszar 1967].

Csiszar'sf-divergence between a pair of discrete probabdistributions:

P =(py,pPa, .. .0, ) andQ = (g4,q2, ... .G, is defined as:

C(P.Q) =Xk a:r (2), (1)
where f :[0,0) - [0 is a convex function satisfying(1) =0, F'(1) =0,

f"(1) »0and atx=0, 0 f{%) =0 andD-f (E) = lim I (Menéndez et al.

X—oo X

2003).

A number of information theory measures are merilg particular cases
of Csiszar'sf-divergence. A list of-divergence measures is provided in (Taneja
2004), (Taneja 2008) and @¥owska 2012). In the article Jeffreys-Kullback-
Leibler divergenceXdivergence) and Jensen-Shannon divergeidiyergence)
have been used in order to measure the degreendarsly between a pair or
multiple income distributions.

J-divergence is a function of Kullback-Leibler digence, thé-divergence,
or the relative entropy, which assesses the diksityi between a pair
of probability distributions. Thédivergence is defined as:

I(P_. Q} = E?:lpiiagi E)J (2)

for probability distributions? = (py,pz, - , ) @NAQ = (qq, gz, - , G-

It is well known that-divergence is non-negative, additive, but not sytmio. The
I-divergence is coincident with Csiszarfsdivergence for convex function
(Wedrowska 2012):

fer = xlogax. 3)
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The sum of the two mentioned divergences is Kuklsasymmetric divergence,
also known as thel-divergence (Cavanaugh 1998). To obtain a symmetric
measure, one can define:

J(P,Q) = 1(P,Q) +1(0,P) = S (mi—a)loga (2 (4)
The J-divergence coincides witfrdivergence for convex function (Reid et al.
2009):
fi={x—-1)log,x. (5)
The properties of-divergence are discussed in (Seghouane et al) 2Q@febvre
et al. 2010) and (Taneja 2013).

Lin introduced an information-theory based divelggemeasure regarding
two or more probability distributions (Lin 1991) dawn as Jensen-Shannon
divergence. It is based on the Shannon entropyisimdlated to the Kullback-
Leibler divergence. ThéS-divergence is defined as:

JS(@PY=H(=2) -2 (H(P) + H(Q)), (6)
whereH(F) = ¥, p;log,p; is the Shannon entropy.
Jensen-Shannon divergence is the difference bettileBhannon entropy of the
mean density and the mean value of their entropies.
The Jensen-Shannon divergence is a symmetrizednandthed version of

the Kullback-Leibler divergence:

1 P+ P+
s, =31 (2 58) +1(e2)] Y
It coincides with Csiszar'tdivergence for convex function (Taneja 2005):
x x+1 2
fis(x) = Slogax +——log; (’_H). (8)

Discussion of properties of JS-divergence can bedan (Menéndez et al. 1997),
(Lamberti 2008) and (Grosse 2002).
The generalization of JS-divergence is defined.asX991):

15(Q, P) = H(my P + m,Q) —my H(P) — myH(Q), 9)

where my,m; =0, m4,+m, =1 are arbitrary weights for the probability
distributionsP and Q. SinceH is concave function)S(P,Q) is nonnegative and

equal to zero, wherP = . For an arbitrary set of probability distributions
Py, Ps, -, B, with weights 1y, 5, ,T,, = 0, 2j=1 ™ = 1, the Jensen-Shannon
divergence is defined by:

IS(PLPEJ"'JPm} =H(EE1WEP§}_E?;1WEH(PE}- (20)
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DIVERGENCE OF INCOME DISTRIBUTIONS OF EUROPEAN UNND
COUNTRIES

In this part of the article an analysis of divergemf income distributions
of the EU countries is carried out. The analysigrexeded by the investigation of
income inequalities in the European Union countine2005 and 2012. In order to
assess countries income inequalities, Gini coeffic- one of the most popular
measures of income concentration, as well as Simaamimopy have been presented
(table 1). Gini coefficient values have been takemn EU-SILC database (for
disposable income after social transfers). Sharevdropy for each country has
been calculated for income distributions repregknby shares of national
disposable income in the relevant decile as pesigentf total national disposable
income.

The value of disposable income after social trasgtedependent on:

- labour market outcomes, such as: wages of emedoyawr profits of self-
employed, which in turn can be a result of labowarkat institutions (e.g.:
minimum wages, flexible employment contracts retjoes), dispersion of
qualifications, or discrimination, e.g. against ilgnants or employees working
in flexible employment forms,

- transfers, which are part of countries’ tax aodia policies.

High level of income inequality can be an effectrafreased variation of wages (or

profits), and (or) low degree of income redistribatachieved by social transfers,

and fiscal policy in general.

Data in Table 1 show that in 2005-2012 period ineomequalities
decreased in majority of EU countries. Latvia ameé¢ Mediterranean countries:
Portugal, Spain and Greece can be identified asetheith highest income
inequalities throughout the whole period. Two leastlthy countries in the EU —
Bulgaria and Romania, which joined the block in 2000th have above-average
income inequalities in 2012. High inequalities dmd level of average incomes in
these countries indicate that there is a threat shdstantial groups of their
societies, earning incomes in the first severallele®f the income distribution,
could be at high risk of poverty. This situatioreates a challenge for economic
and social policies pursued by the governmenthedd countries.

Gini coefficients, as well as entropy values alsdigate countries with
lowest income inequalities throughout the analypedod — two Scandinavian
countries: Sweden and Finland, and three CenthlEastern European countries:
Slovenia, Slovakia and Czech Republic.

Table 1. Income inequalities in European Union ¢oes in 2005 and 2012

2005 2012
Gini Gini
Country Entropy Coefficient Country Entropy Coefficient
Portugal 2.980 38.1 Latvia 3.031 35.7
Lithuania 3.019 36.3 Spain 3.045 35.0
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2005 2012
Gini Gini
Country Entropy Coefficient Country Entropy Coefficient
Latvia 3.022 36.2 Portugal 3.046 34.5
Poland 3.033 35.6 Greece 3.053 34.3
United Kingdom 3.046 34.6 Bulgaria 3.069 33.6
Estonia 3.057 34.1 United Kingdom 3.074 32.8
Italy 3.071 32.8 Romania 3.078 33.2
Greece 3.074 33.2 Estonia 3.084 32.5
Spain 3.090 32.2 Italy 3.086 31.9
Ireland 3.094 31.9 Lithuania 3.091 32.0
Cyprus 3.136 28.7 Cyprus 3.104 31.0
Belgium 3.145 28.0 Poland 3.106 30.9
Hungary 3.147 27.6 Croatia 3.110 30.5
France 3.149 27.7 France 3.110 30.5
Netherlands 3.157 26.9 Ireland 3.123 29.9
Malta 3.159 27.0 Denmark 3.138 28.1
Germany 3.163 26.1 Germany 3.145 28.3
Luxembourg 3.164 26.5 Luxembourg 3.146 28.0
Austria 3.166 26.2 Austria 3.149 27.6
Czech Republic 3.167 26.0 Hungary 3.15§ 26.9
Slovakia 3.168 26.2 Malta 3.160 27.1
Finland 3.169 26.0 Belgium 3.163 26.6
Denmark 3.192 23.9 Finland 3.169 25.9
Slovenia 3.192 23.8 Netherlands 3.173 25.4
Sweden 3.199 23.4 Slovakia 3.178 25.3
Czech Republic 3.181 24.9
Sweden 3.182 24.8
Slovenia 3.195 23.7

Source: own calculations based on EU-SILC database

In 2005, Poland, with relatively high value of Girgoefficient and small
Shannon entropy, belonged to the group of the Buhites characterized by the
largest income inequalities. After 2005, Gini caréint in Poland had been falling
gradually to reach a level close to EU averagedit2 In the whole period, Poland
experienced the largest drop in that index. Algmificant decreases in inequalities
were observed in Lithuania and Portugal. The dowdwandency of the values
of Gini coefficient could have been observed in@tmall countries with above-
average initial levels of income inequalities. @a bther hand, the largest increase
in inequality between 2005 and 2012 occurred inrbemk, France and Spain.

In the next step of our analysis we identify thgrée of divergence between
the income decile distributions of EU countrieseTlesnen-Shannon divergence
has been calculated for 25 countries in 2005 an@8ocountries in 2012 (27 EU
member states in 2012 and Croatia which joinedBbein 2013). Comparison
of values oflS-divergence (the bottom row of table 2) suggesas ith 2005-2012
period the divergence of income distributions ofEl countries decreased, from
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JS=0.00521 in 2005 to JS=0.00392 in 2012. Theifalllivergence of income
distributions between 2005 and 2012 can be at&tbub a trend observed in
countries with initially high income inequalitieowards a more egalitarian
distribution of income.

Table 2. Distribution of income deciles addidivergence for EU countries
in 2005 and 2012

2005 2012
Country First decilg Tenth decile Country Firstitieg Tenth decilg
Portugal 2.5 30.3 Latvia 2.3 27.1
Lithuania 2.2 27.2 Spain 15 24.8
Latvia 2.1 27.7 Portugal 2.7 27.3
Poland 2.2 26.9 Greece 1.8 25.1
United Kingdom 2.6 27.1 Bulgaria 2.3 25.4
Estonia 2.4 25.7 United Kingdom 2.7 25.9
Italy 2.5 25.4 Romania 2.1 23.3
Greece 2.5 25.0 Estonia 2.6 24.2
Spain 2.5 23.8 Italy 2.4 24.3
Ireland 3.3 25.2 Lithuania 2.7 23.9
Cyprus 3.5 22.8 Cyprus 3.5 25.1
Belgium 3.8 23.2 Poland 3.1 24.2
Hungary 3.7 23.2 Croatia 2.6 22.8
France 3.8 22.9 France 3.6 25.6
Netherlands 3.2 22.1 Ireland 3.1 23.2
Malta 3.7 21.0 Denmark 2.3 22.2
Germany 3.7 221 Germany 3.4 22.4
Luxembourg 3.7 21.6 Luxembourg 3.6 22.2
Austria 3.8 21.9 Austria 3.2 22.1
Czech Republic 4.0 22.2 Hungary 3.7 22.2
Slovakia 3.4 21.5 Malta 3.8 21.8
Finland 4.1 22.1 Belgium 3.5 21.1
Denmark 3.4 19.7 Finland 4.0 21.6
Slovenia 3.9 19.9 Netherlands 3.8 21.3
Sweden 3.9 19.8 Slovakia 3.6 20.3
Czech Republic 4.1 21.6
Sweden 3.4 20.0
Slovenia 3.9 19.6
Jensen-Shannon divergence JS=0.00521 Jensen-SrE?gggg.gB/;ég(e)%ce J5=0.003%

Source: EU-SILC database and own calculations

1 The value of divergence JS* has been calculatethtosame group of countries as JS for
2005, i.e. all EU countries, excluding Bulgariap&iia and Romania.

Table 2 also presents the shares of populationrggafinst and tenth decile of
income. Analysis of the data leads to a conclu#fiat the most significant decrease in
inequalities measured by shares of population egrtop and bottom 10 percent of
income was observed in Lithuania and Poland. Famge, in Lithuania, the share of
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population earning bottom 10 percent of incomeffeln 27.2 percent in 2005 to 23.9
in 2012. In some countries there have been incseafdaequalities, especially in Spain
where the proportion of population earning top &écpnt of income dropped from 2.5
to 1.5 and Denmark, where the respective propofétfirom 3.4 to 2.3 percent.

In the next step, the degree of dissimilarity betwécome decile distributions
of each pair of countries have been investigatednaasured by Jeffryes-Kullback-
Leibler divergence. The results for 2005 and 2042 pesented in Figures 1 and 2,
respectively. The darker squares in the figurecadi larger values of divergence
between a pair of income distributions of countriegresenting a particular row and
column. The darkest areas are concentrated inigbp-and bottom-left corners of the
chart simply because income distributions of cdastwith high income inequalities
vary greatly from the distributions of countriegsiwiowest inequalities.

Figure 1. Jeffryes-Kullback-Leibler divergence fairs of EU countries in 2005
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The smaller deep-dark areas in top-right and botedtrcorners in Figure 2
in relation to Figure 1, indicate that, in period08-2012, EU countries became
more similar in their income distributions — in 20there were fewer pairs of
income distributions for which the value of Jefyi€ullback-Leibler divergence
exceeded the value of 6. This conclusion confitnesfinding mentioned earlier in
the article, where Jensen-Shannon divergence v&uneX005 and 2012 had been
compared. As it has already been discovered eathiex process of increase in
similarity of income distribution patterns is théfeet of reduction of income
inequalities in countries where they were highe&d05.

Figure 2. Jeffryes-Kullback-Leibler divergence fairs of EU countries in 2012
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CONCLUSIONS

Measures based on entropy can be a useful toasessment of income
inequalities, as well as divergences between incdisteibutions. Analysis based
on Gini coefficient and Shannon entropy concludeat,tin period 2005-2012,
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income inequalities decreased in majority of EUrtdas, with Poland, Lithuania
and Portugal experiencing especially strong mowasatds more egalitarian
income distributions.

The use of Jensen-Shannon measure has shownteegeadice of income
distributions of all EU member countries decreasetdween 2005 and 2012.
Income distributions in the EU became more simifaainly as a result of the
decline of income inequalities in countries withtiaily high inequalities. Since
disposable income after social transfers has bsed as a measure of income,
further research is needed in order to assess, hat wextent the decline
in divergence of distributions was a result of labmarket outcomes, and how it
had been influenced by tax and social policies.
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