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Abstract: The paper presents the DEA+ method as a tool timating the
production function and the measure of technictitiehcy in data points. A
multi-product case is considered. Presentation b& tunderlying
semiparametric frontier model is followed by denteaison of the very
algorithm of DEA+ and a discussion of its validifyinally, the method is
illustrated with an empirical example with selectaddel distributions for
each random variable constituting the composed.erro
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INTRODUCTION

DEA+ is a two-stage procedure of point estimatidntlee production
function (transformation) and the measure of tecdingfficiency of a production
unit within the semiparametric frontier model. lasvfirst presented by Gstach
[Gstach 1998, 1999] but did not gain popularitywdeer, chronologically, it is the
first method in which DEA Data Envelopment Analysis) is connected with the
composed error term. Construction of the modelthrdmethod is based on SFA
(Stochastic Frontier Analysis) — see, e.g., [Kumbhakar, Lovell 2000]. It is thus a
way of linking DEA with the methods of productiomopess analysis based on
parametric models. Additionally, it can be consédkra predecessor of now
commonly used StoNEDS(ochastic Non-smooth Envelopment of Data) — see
[Kuosmanen, Kortelainen 2012] or a paper in Pdihdki 2012].

! The study conducted with financial support frore feaculty of Management, Cracow
University of Economics.
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The paper presents a multiproduct version of thinoakebriefly described in
the source paper [Gstach 1999]. Originality of thégper can be seen in, firstly,
organizing and describing the assumptions of aesponding semiparametric
model, which make the considerations that folloeackr. Certain assumptions are
not explicitly mentioned by Gstach, but their imtogtion results from the context
and sparse hints, while others are slightly charngembmparison to their original
form. Secondly, critical comments included in thpgper can provide an
explanation to the reasons behind the lack of pojiyl of this method. The
empirical example in which the method is used # alriginal, as it assumes a
different distribution of one of the componentscomposed error term than in the
source paper.

STATISTICAL MODEL WITH A DISCUSSION OF ASSUMPTIONS

Let us begin with defining the semiparametric madehtioned above with
a set of assumptions. The idea was, to a greattekterrowed from the theory of
parametric frontier models, introduced in the [B8¥0s — see [Aigner et al. 1977]
and [Meeusen, Van den Broeck 1977].

Assumption 1. Economic units producgsorts of outputs out oh sorts of inputs
and use the same technology, represented by Tompact and convex production
possibility set, satisfying the inefficiency condit.
Assumption 2. The quantity of inputs and outputs is given foproduction units
by sampleXn= ((x;, y;) O T, j =1, ...,n). Vectorx; is characterized by the density
function h;:

Ox O (0, x): hxj(x) > 0, Q)
where
Xj = [Xa, ..., Xm] — the vector of the quantity of inputs &fgroduction unit,
Yi = [yi, ..., Ys] — the vector of the quantity of outputs df groduction unit.
The vector notation of belongingness of vectorin formula (1) should be
understood "by coordinates”. Most probably, thenidg of distribution ofx;, j = 1,
..., nis assumed here as well. The support of all desdi the same, although the
density is indexed by j.

The description of generating vectgris performed separately. Using set T,
we first define the so calleBarrell output measure of technical efficiency for
feasible production plarx4, Yo):

Bp(Xo, Yo) = max{@ ] R: (Xo, Byo) I T}. (2)
What is important here is the fact that its vakigreater than or equal to unity and
equal to unity for objects technically efficiente@use the form of T is unknown,
we also do not know the value of the measure imtp@h, Yo). So, it will be
estimated in the model.

Next, we define the set:

F={(x,y) OT:60(x,y) = 1}, (3)
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calledthe production possibility frontier. The Farrell technical efficiency measure
here plays the role of a transformation functioftsrimplicit forn?. Introducing F,
leads to formulation of the next model assumption.

Assumption 3.

yi = @™ = yee™, for (x, yie) O F, (4)
where w=V; - | is so called the composed error term.

To obtain a full description of DGP fgy, it is necessary to provide a way in
which quantities on the right side of equation &4 generated. Let us start with
the assumption regarding compongnt v
Assumption 4a. Noise components,\j = 1, ...,n, have independent and identical
parametric distributions set by density functignwhich depends on parameters
(Bv, Vmay. Additionally:

E(v) =0 orazy(v) = 0, dla v > way (5)
Bounding the support of noise by parametgk was Gstach's idea. Its justification
will be provided in the next section. In his earlipaper [Gstach 1998], he
presented a slightly different version of this pdeste.
Assumption 4b. Noise components,j = 1, ...,n, have independent and identical
parametric distributions set by symmetric densitgction f, with the support (-
Vmax Vmay) dependent on parameteés ,(Vimay).

It should be noticed that a more general versiodaotan be derived from
Assumption 4b. This change was probably causeavbyr¢asons. Firstly, in order
to prove properties of estimators obtained by ugfiegDEA+ method, it is enough
to bound the noise up. Secondly, a lower boundablpmatic while introducing
the joint density function of the composed erranmtewhich is not mentioned by
the author. The details can be found in the papedki 2014]. The author of this
paper supports version 4b as the more practical ©here are numerous well-
known and widely-used distributions which satisfissAmption 4b, yet it is
difficult to construct a useful distribution satisfg more general Assumption 4a
and, at the same time, not satisfying AssumptionBHsides, bounding random
noise arbitrarily only up contradicts the idea a$tdrbances which are to be
modelled by this component. That is why in pradtaggplications it is not possible
to avoid introducing lower bound of the supportmdise and difficulties involved
in it.

Both source papers mentioned above offer the sasengption regarding
component u
Assumption 5. Components juconnected with modelling inefficiency have
independent and identical distributions set by herianction fy with support R
dependent on parametés

2 |t means that we have the equation linking inmrtd maximal outputs, but it is usually
not possible to use it for deriving an analytiaainfiula for the maximal quantity of outputs
depending on the quantity of inputs.
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Theoretically,By, By can be the vectors of parameters, most often, henvéhey
are just single parameters.

In the DEA+ method, the maximum likelihood methddLj is used for
estimating parameters, and to do so, the likeliloodtion for composed errors is
introduced. This poses a question regarding indigrese of these components as
well as independence of componentand y. In order to estimate the production
frontier, it is necessary to know whether facigr is not dependefton a

multiplicative version of the composed ermt’ — see factors in equation (4). The
source papers do not address this problem, andighaty it is necessary to
introduce an additional assumption.
Assumption 6. Components ;uV; are not dependent on each other nor on vector
YiF-

The last model assumption is connected with a vi@gperatingyj= values.
Assumption 7. yj= value is generated from conditional distributiofIX; set by
densitngF‘Xj with the support Int(Isogy)).

In the paper [Gstach 1999], the support of densitg calledthe interior of an
input-isoquant and was not precisely defined. Using the coniéxian be deduced
that it probably refers to the topological interabrset:
Isoqfx) = {yir: (X, yir) O F}, (6)
where the quantity of inputs is fixed.
However, the author of this paper has certain dowagarding correctness of this
definition. It is true that there might be numeraanbinations of outputs, for
which 6x(x;, yjr) = 1, yet this equation suggests that this setbeaa measure-zero
set in the space of outputs, so its topologica&riat might be an empty set as well.
We take the logarithms of both sides of equatioh {demise it for
components according to sorts of output , and epbtain:
Oj=1,....,n0r=1, ...,sw =In(ys) — In(yie). 7
Let us pay attention to the fact that the compa=eadr term is not dependent on
the sort of output. In [Gstach 1998, p. 163] itadled the equi-proportional impact
of error terms on particular outputs. So, it istackastic equivalent of radial
property of the Farrell technical efficiency measuwvhich means a proportional
change of all outputs, thus not dependent on thiefoutput.

DEA+ METHOD

Let us start with introducing certain auxiliaryrtes. The set:
F={(x,y)OT: (x,ye =) U F}. (8)

% In parametric models it is usually assumed thatmanents ¢l v; are not dependent ox,
which is caused by the analytical form of the piithn frontier dependent explicitly on
the elements of vectos,
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is called a production pseudo-frontier.
The error term:
VT/j = Vj = Vmax— Y = W, — Vmax=< O, 9

is called a pseudo-efficiency df pbject.
Let us notice that :

yi = yirle" =yl =g e, (10)
where &, ¥z ) O F.

The sign of pseudo-efficiency and the sequenceyjoélgies (10) follows directly
from Assumptions 3-5. This means that an observeohtity of outputsy; can be
looked at from two perspectives. In fact, we camsenbe optimal quantities of
outputs connected with the production frontier wtised by two types of shocks
(exogenous and inefficiency). On the other handait be assumed that it is the
optimal quantity of outputs connected with the mkefrontier, disturbed by a
shock called pseudo-efficiency. This second cone&pbe used during Stage | of
the DEA+ method.

As it directly follows from definition (8), the sha of a pseudo-frontier is

identical with the shape of a real frontier, onhifed by the quantity ofe .
Similarly, the same happens to the distributiodexfiationsvT/j ,j=1,...,n. From

Assumption 4 it follows that pseudo-efficienciesnfio i.i.d. sequence, and their
distribution is the distribution of the composedbeterm vy shifted downwards by
the quantity of Max

As far as the DEA+ procedure itself is concernedriml) Stage | we
calculate the estimate of the technical efficiemogasure for all objects in the
sample:

0,(x, yi) = max{80 R: (x;, ) O T}, (11)
where
T ={(x,y) O Ros™* W= O:Zl/lj = 1,x2_zl/1jx]- Yy < _Zl/ljyj }. (12)
1= = 1=

A deterministic version of the DEA is used to egtienthe value of the technical
efficiency measure, precisely, the envelopment fafthe BCC model — see

[Banker et al. 1984]. Here a s&tis an approximation of an unknown production
possibility set T.
The estimate of the multidimensional equivalentaoproduction pseudo-
frontier in pointx; is then:
Yie= 0504, ). (13)
Consequently, the estimate of pseudo-efficien@xmessed by:
Or=1,..,s W;= In(y) = In(Y ;) = -In[6, (x;, )] (14)
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Equation (14) indicates that the estimates of psafficiency are also not
dependent on the sort of output. Besides, theychrsely connected with the
estimate of the Farrell technical efficiency measoiotained by applying the DEA

method. The minus in equation (14) indicates thatquantityvzvj should actually

be called an estimate pbeudo-inefficiency, according to the convention adopted
in parametric models. Let us stress once morer#udlity of the Farrell technical
efficiency measure is desirable here, becauseriegponds with Assumption 3
regarding equi-proportionality of the composed eteom.

Stage | of the DEA+ method is justified by the daling theorem:
Theorem 1. Under Assumptions 1-7, the asymptotic distributidrthe estimator

V:\-/J- is identical to deviatiorvT/j in the interior of set F.

Proof: According to the author of the method, the assuwngtiof Theorems 5 and
6 from [Banker 1993], which implicate the abovediem, are satisfied.

However, using set intF evokes the same doubts sisg uset Int[lsoqf)]
previously.

During Stage 1l the estimates of parameters By, 6y, Vmay are calculated
by the ML method, on the basis of the estimatepxsaﬂdo-efficiencyWj obtained
during Stage I. This means that:

(05,60y,7,.) =argma>gln{|‘| fw(vgvj|e)}, (15)
fal]
where
fw(®)= ffv(v+vmax)fu(v—\fv)dv oraz J = {j:W, < 0}. (16)

Introducing set J means that in the estimation wenat take into account
pseudo-efficient objectsv“\'(j = 0). For such objects it may happen tkafl intX,

and then consistency of Stage | of the DEA+ metisaabt guaranteed. Secondly,
the next stage of DEA+ is infeasible due to degatimr of limits of integration in
formula (16) for joint density function. Gstach ios that, asymptotically, a
fraction of objects outside set J is neglected,itha

[il 0 (j)}
imt™  J-p, (17)

n-o n
takes place, wherelJ(- is the indicator function. So, in an asymptsgnse, it will
not matter whether the procedure is performed boleervations or only on the
pseudo-inefficient ones from set J.

Once we have the estimates of all parameters deaizing distributions
of both components of the composed error, we dastlyf estimate the actual
production frontier in data points:
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9jF = 0p (X, ). (18)

Secondly, using the same methods as the ones miskd BEFA approach, we can
also obtain the estimate of the efficiency measofeg/"™ object - see, e.g.,
[Kumbhakar, Lovell 2000, p. 78]. The author of thethod only mentions such a
possibility in the paper [Gstach 1999, p. 102], petforming if. It should be
remembered that, if we obtain the estimates obwags of both components of the
composed error, it is not necessary to apply théhoae of moments nor the
pseudo-likelihood method. The first one, althougmpde, is not free from
drawbacks and limitations - see [Kumbhakar, Lo28I00, p. 92]. The second one,
however, requires laborious computations — see, gKglosmanen, Kortelainen
2012, p. 18].

According to Gstach, consistency of the estimaweduduring Stage | is
conditioned by introducing the bounded support @te. Parameterwx assures
one-sidedness of the error teki), which is consistent with the nature of the DEA

estimator, which is also one-sided. The authohisf paper would like to highlight
another role of parametera It is a necessary component of the correctiothef
initial production pseudo-frontier. It is thus andiar procedure as in case of the
COLS method or the MOLS, where the initial estimaibthe production frontier
is also corrected, by the largest residual or hy) Ebaracteristic, respectively.

In his source paper [Gstach 1998, pp. 165-167]atiempts to prove
consistency of the whole DEA+ procedure, althoughy aits single-product
version. Particularly, on the basis of Theorem dngistency of Stage |) and the
theorem from paper [Bierens 1994], Gstach proves theorem regarding
consistency of the estimator of the production tiermnin data points, obtained as a
result of using the DEA+. In paper [Gstach 19991G2], the author of the method
claims that this result can be transferred to airpubduct case. Let us write down
a corresponding theorem.

Theorem 2. Under Assumptions 1-7, the DEA+ method providesoasistent
estimator;@-,)?jF) of point f;, yje) in the interior of set F.

It should be noted, however, that consistency of DEA+ procedure is
questionable, because of the reason mentioned layiihor — see [Gstach 1998, p.
165]. In the ML procedure, in the notation of tlikelihood function (15), we

obtain the product of densities of random variabfi;s even though they do not

have to be independent. Further elaborations anis$sue can be found in paper
[Predki 2014].

4 Only the characteristic of E{@U), called average inefficiency, is computed, wiihe
main objective of the paper is a comparison of3Ré& and the DEA+ methods.
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EMPIRICAL STUDY

The study is based on the data from 2000 gatheréidebpaper's authors
[Osiewalski, Osiewalska 2006], describing 240 cguatban and municipal public
libraries in Polant These libraries are non-profit institutions, whizan be treated
as production (service) units using certain praductfactors to manufacture
specific products (library services). Suggestior@duded in the source paper were
used to select a set of inputs and outputs.

The following factors are taken as inputs:

X1 — the number of job positions,
X2 — the number of books,
X3 - the number of magazine titles,
X4 — the usable area of a library,
Xs — the number of seats in reading rooms
Outputs of libraries include the following quardgi that is the ones which
could generate profits if a library were a privéiten — following the suggestions
from paper [DeBoer 1992].
y1 — the number of library members registered ifeaty,
y» — the number of books borrowed,
ys — the number of visits in reading rooms and regdiorners.

Due to the numerousness of data, they are presestselected empirical

characteristics — see Table 1.

Table 1. Selected empirical statistics of data

median mean deviation min.value max.vallie

x1 3,49 8,39 13,27 0,849 93

X2 35779 66886,81 88461,84 345 525441
X3 22 49,64 77,82 1 559

x4 211 524,84 949,04 40 10545

x5 30 53,23 61,94 2 441

yl 1364 4395,34 8135,12 263 74003

y2 29797 85932,70| 162064,6[7 698 1643662
y3 2836 10567,74 20841,96 47 232300

Source: own elaboration

The first stage of the DEA+ method was performed cdoynputing the
technical efficiency measures, (x;, y;), j = 1,...n using formula (11) and formula

5> Due to the multidimensionality of the model andyraptotic properties, numerous
multiproduct data were selected. The author ofpgaper would like to thank here Prof.
Jacek Osiewalski and Dr. Anna Osiewalska for gngntiim access to their data.
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(12). Then their logarithms were taken and psedﬁoifenciesv:\'/j ,j=1,...nwere

obtained, which allowed us to move to Stage ll.ldwihg the source paper,
[Gstach 1998], half-normal distribution*(0, 6,%) was assumed for component u
modelling inefficiency. Normal distribution N(Q?) was assumed for noise
truncated to interval (mx Vmay, unlike in the source paper, where truncated
symmetric beta distribution was used.

As it was mentioned above, the lower bound of thgpsert of noise causes

certain problems while introducing joint densitytbé random variabM/ . That is
why it was necessary to modify the formula suggeste Gstach to the following
form:

fV (V + Vmax)f U (V - W)dV, w > _2Vmax

sSi—o

fa(®) =4 % N . (19)
2J‘fV(V-'-Vmax)fu(v_w)dvlW<_2Vma><
~2Vmax

After a number of arduous but simple transformatjotine following form of
density was obtained:

DI A

fa(W) = . (20)
o Vmax | _q
cSV
where®([Jis cumulative distribution function of standarokmal, and:
2 2 Y Y
-V + W W, w>-2v
H= mafu 2 o= lszusvz’a:{—Z ~<—n;x - @D
o, to, o, +o, Vinaxr W Vmax

Next, reparametrization was performed:

X:Z_U’S: 03+05, (22)

\%
and, using the residualé'/]-of pseudo-inefficient units, the formula for thegdo
likelihood function was derived:

'”{ﬂfw("z"ﬂe)}: (23)
N NS =

> In\/g—lna—g(—vmafwjjzﬂn Vmad” W Va4 T2 “3‘2+1 -1},

wpm 2\ ° ) 5

where

N—
|

=
—_—
=
~—

L

>

)]
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(\;le +V~max)}‘ 2

bj: ° '

‘Xszax‘ZVmax'VLVj
ro
In order to obtain convergence of the ML proceduttlee following
restrictions on parameters in the log-likelihooddtion were imposed:
1. The arguments of cumulative distribution functioof standard normal from
formula (23) were bounded to interval [-5;5].

2. The arguments of natural logarithms from form{(#&) and parameters, X,
Vmax are not lower than 10
3. Additionally, more substantial restrictiénaere assumed:

=

L > =2V
J max (24)

v Wy < _2Vmax

Vo VA2 +1

(9

20 -1 20,955, Vax= 20v. (25)
After numerous tests, the following starting poiwesre selected:
[6,,20, Vmaxd = [0,83; 1,65889674; 0,85956661], (26)

whose choice was not purely accidental. The strtinlue 1, results from
assuming equal dispersion of two distributionshat $tart: the normal distribution
of nontruncated noise v and half normal distribuitad component u. The starting
value Vhaxois linked with residuals by:
MINW; = -2Vmaxa (27)
I
and this relation is strongly connected with théhatls correction of joint density
of the random variabl&V given by formula (19). The starting valug, is close to
the local maximum of the log-likelihood function,thv starting values of other
parameters obtained earlier.

As a result of ML procedure in selected startingnts) convergence was
obtained reaching the values:

[é,i, V] =[0,37889; 1,46353; 0,42850], (28)
which were assumed as the final estimates of unkngarameters of

Vo VA2 +1

(9

corresponding distributions. Only the restric -1 = 0,955

turned out to be valid.
Using v, the production frontier in data points was estedafrom

formula (18). Next, the estimates of parametersswsed to compute the value of

8 Unfortunately, they turned out necessary to obtaimvergency of the procedure. It should
be noticed that truncating the support of the ndigevmax occurs deeply in tails of
corresponding distribution, and does not seemaquaatily limiting.
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the efficiency measure for particular objects follog the scheme described in the
paper [Kumbhakar, Lovell 2000, pp. 78-82]. This swa is given by

TE = exp(-E (UlW,)), j = 1,...n. (29)

To use the above formula, first of all, conditibaiéstribution Uw is needed.
Using known forms of the densities of random vdeabU and V, after simple
transformations, we obtain:

Ulw OD(W )N*(u-w ,0?), (30)

-of-27)
D(W) = °

o)A

(¢ (o)
To compute the expected value B, formulae from the paper

[Kumbhakar, Lovell 2000, p. 78] were used, and asing DW ) was added:

E () = D(W )[p- + o 2K/ (32)
(D(I.L*/G)

where g~ = p - w and ¢(J is the density function of standardized normal
distribution. Formula (32) was realized for partamuobservations on residuauﬁisj

and on the estimates of parameters obtained frerDEA+ method, which yielded
the estimate of the appropriate expected value, @sequently, the value of the
efficiency measure TE

The results obtained are presented in Table 2, agaln, selected empirical
characteristics are provided. Pseudo-efficient @bjgor which the DEA+ method
degenerates, (as it was mentioned above ) wergeauimit

where

(31)

Table 2. Selected empirical statistics of the mmtiproducts and the technical efficiency
measure

median mean deviation min.value max.value
yir | 2072,01 3846,242 5255,20266 293,6984 33269,87
yor | 38936,2 73289,39 91931,9138 1227,143 5043894
yar | 3724,3 8739,437| 11864,005p 68,62053 71196,99
TE| 0,82382 0,781215| 0,130758%2  0,085188 0,896236

Source: own elaboration

Lines 2-4 in Table 2 refer to estimated maximalueal of respective outputs —
formula (18). Line 5 refers to the value of the hwsical efficiency measure
calculated using formula (29). Due to a methoddaalghature of the paper and

"1t is one of the ways of measuring efficiency erasd in the source paper.
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limited space available, the author did not include broader economic
interpretation of the results.

CONCLUSIONS

The results of the author’'s methodological resegsele also [Rdki 2014])
indicate two major reasons behind only scarce m@ojiyl of DEA+. Firstly,
ordinary, deterministic DEA also yields technicBlaiency measure as well as the
value of production frontier at the data points.nele according to Ockham’s
razor, there appears to be no point in turning nooae complex approach to obtain
(however different) estimates of the above quaditiPresumably, what Gstach
intended was to render DEA a method of estimatibthese quantities within
a semiparametric statistical model comparable t@oee common approach based
on stochastic frontier analysis. However, it sifipears to lack validity, for such
a model does not allow one to obtain dispersionsmes of the new estimator
of efficiency measure. What is more, it is not jlolesto make statistical inference
about either the model assumptions or the produgiiocess.

Secondly, as pointed by the author of the curreapiep, the efficiency
measure estimator resulting from the DEA+ method hat been proven to be
consistent so far. Moreover, the algorithm itselfrather cumbersome, entailing
numerous methodological and numerical obstaclesaddition, the statistical
model itself, as formulated by its original autheeems to be lacking in its
underlying assumptions — one of the relevant assong is clearly missing,
whereas the formulation of the other is disputalleerefore, the author of the
current article would not recommend employing DEAm practice.
Simultaneously, it should be noted that such applr@egative conclusions are
of genuine scientific merit, and the methodologicddjectives of the study
(presented in the Introduction), constituting majontribution of the article, have
been successfully achieved.
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