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Abstract: The unsupervised clusterization of a set of Japanese Candlesticks
generated by the currency pair prices on the Forex market has been performed.
Several algorithms that do not require the number of clusters in advance have
been used. It turns out that different algorithms give glaringly different
numbers and description of clusters. Comparison with well-established
candlestick types known from the technical analysis has been made.

Keywords: Japanese candlesticks, foreign exchange market, unsupervised
learning

JEL classification: C51, C52

INTRODUCTION

Candlestick patterns form one of the cornerstones of technical analysis of
assets in trade markets. They provide important information not only about the prices
but also about the sentiments of investors or speculators. Each candlestick is
constructed using open, high, low, and close (OHLC) prices of a single session.

A candlestick is composed of three elements: upper shadow, body and lower shadow
[Lempart & Zalewski 2013, Bigalow 2002, Bulkowski 2008, Morris 2006, Morris
1998, Nison 2001, Nison 1996]. The body of the candlestick is determined by the
open and close prices. One draws a rectangle the length of the which is the absolute

https://doi.org/10.22630/MIBE.2025.26.4.13
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value of the difference between the close and open prices. If the close price is higher
than the open price, the body is drawn as green or white. If, however, the close price
is lower than the open price, the color is red or black. If the body is green (or white)
then the length of the upper shadow is equal to the difference between the high and
close prices. If the body is red (or black) that length is equal to the difference between
the high and open prices. If the body is green (or white) then the length of the lower
shadow is equal to the difference between the open and low prices. If the body is red
(or black) that length is equal to the difference between the close and low prices. The
candlesticks and their formations have been cataloged in many sources of which we
singled out Leksykon formacji swiecowych with 19 single-candle formations
(Lempart & Zalewski 2013). We have added two kinds of rather well-known
candlesticks, such as Hammer and Shooting Star [Nison 2001] to the list given in
Leksykon.Our goal in this study is to apply unsupervised learning algorithms (like
KMeans, MeanShift, DBSCAN) to the Forex market daily data to test whether the
traditional, intuitive, technical-analysis patterns emerge naturally. We address the
question: Do data-driven clusters align with analysts’ intuition?

METHODS

A. Data

We have used daily EUR/USD and other candlestick data from 2009-05-13
until 2025-05-23, sourced from (Forexsb 2025). Each candlestick provides Open,
High, Low, Close prices.

B. General characteristics of candlesticks
Descriptive statistics

We have obtained basic descriptive statistics measures characterizing the
Japanese candlesticks of 28 most important currency pairs.

Table 1. Descriptive statistics for full candlesticks lengths

C“;;ﬁ?cy EURUSD GBPUSD EURCHF USDJIPY EURGBP
ng?a 0.000051 0.000064 -0.000240 0.009620 | 0.000023
Median 0.000940 0.001560 0.000690 0.176000 | 0.000940
St. dev. 0.010292 0.012715 0.008883 1.027077 | 0.006667
Skewness 20.002573 0.400521 | -11.936007 0499266 | 0.204083
Kurtosis 0.355493 3.909116 | 494.997093 2968342 | 2.879827
Min -0.042560 20.142330 20.351140 6.906000 | -0.042730
Max 0.054850 0.045550 0.117140 4707000 | 0.058270

Negative “lengths” refer to the bearish candlesticks.
Source: authors’ own calculations
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Examples have been sampled in Table 1. Perhaps the most glaring feature of
the data in those tables is the very large kurtosis for the EURCHF pair. But we would
those basic descriptive-statistics of our strong disbelief in the methodological
correctness of testing trading strategies for the entire manifold of time series
generated by different currency pairs or assets.

In Figure 1 we have displayed (randomly chosen) examples of the candlestick
distributions. The negative “lengths” are related to the bearish candlesticks.

Figure 1. Examples of distributions of candlestick lengths

Distribution Plots for Three Random Currency Pairs
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Source: authors’ own calculations
C. Feature Extraction for Clusterization

The absolute positions of the candlestick elements have obviously no inherent
meaning and are useless for classification purposes. It is almost always useful in
classification problems to define some engineered features out of those given in the
datasets. In our case it is actually necessary to do so.

Therefore, we have defined the following 6 engineered features for
classification aiming to balance descriptiveness and simplicity. They are derived
from the basic OHLC (Open, High, Low, Close) data:

1. Body Length (Absolute):
o  Definition: |Close - Open|
o  Purpose: Measures the magnitude of the price movement within the
candle, ignoring direction. Small values indicate indecision, while large
values suggest strong movement.
o Units: Price units (e.g., pips or decimals like 0.0012 for EURUSD).
2. Body Direction:
o  Definition: +1 if Close > Open (bullish), -1 if Close < Open (bearish), 0
if Close == Open
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o  Purpose: Captures the bullish or bearish nature of the candle. A discrete

feature that’s simple yet critical for classification.
3. Upper Shadow Length:

o  Definition: High - max(Open, Close)

o  Purpose: Represents the extent of price rejection above the body. Long
upper shadows are key in patterns like Shooting Star

o Units: Price units.

4.  Lower Shadow Length:

o  Definition: min(Open, Close) - Low

o Purpose: Indicates price rejection below the body. Long lower shadows
are characteristic of Hammers or Dragonfly Doji.

o Units: Price units.

5. Total Length:

o  Definition: High - Low

o  Purpose: The full range of price action in the candle. It helps distinguish
between small-range and large-range candles.

o Units: Price units.

6. Body-to-Total Ratio:

o  Definition: |Close - Open| / (High - Low) (set to O if High == Low)

o  Purpose: Measures the proportion of the candle’s range occupied by the
body. A high ratio (close to 1) indicates a strong candle, while a low
ratio (close to 0) suggests long shadows.

o Units: Unitless (0 to 1).

They have been standardized to have zero mean and unit standard deviation
before further processing.

D. Clustering Methods

We have applied the following algorithms for clusterization:

1. KMeans (k=3, 5, 7, 10) with fixed number of clusters

2. MeanShift: Adaptive bandwidth.

3. DBSCAN: Density-based.

4. HDBSCAN

5. OPTICS
D.1 Hyperparameter Specification and Optimization
All clustering algorithms require careful parameter selection. We explicitly declare
all hyperparameters used in this study (see Table [X] for complete specification). For
density-based methods, we performed systematic parameter optimization.
For DBSCAN, we conducted a grid search over eps belonging to [0.3, 1.0] (step 0.1)
and min_samples taken from the set {3, 5, 10, 15, 20}, evaluating 40 parameter
combinations using Silhouette score as the primary metric. The optimal parameters
were found to be eps=0.3 and min_samples=15, achieving Silhouette=0.50.
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For HDBSCAN, we tested min_cluster_size belonging to the set {5, 10, 15, 20, 30,
50}, selecting min_cluster_size=10 based on cluster quality metrics. Parameter
sensitivity analysis (Figure [X]) revealed that results are stable within reasonable
parameter ranges, with optimal values consistent across different currency pairs.
All other hyperparameters are listed in Table [X]: KMeans (random_state=42,
n_init=10, max_iter=300), MeanShift (bandwidth=auto-estimated), OPTICS
(min_samples=5, xi=0.05). For feature normalization, we used ATR with period=14
days.

E. Pattern Mapping

Clusters are mapped to Leksykon's 19 patterns, plus Hammer and Shooting Star
(Nison 2001) using specific criteria that involve the points 1-6 above. The mapping
procedure works as follows: for each cluster representative candlestick, we calculate
its six engineered features (Body Length, Body Direction, Upper Shadow Length,
Lower Shadow Length, Total Length, and Body-to-Total Ratio). We then compare
these features against the defining criteria of each traditional candlestick type from
the Extended Lempart-Zalewski (ELZ) list. For instance, the Hammer candlesticks
have been identified as follows: Body_Direction = 1, Relative_Body_Length = 0.3—
0.7, Upper_Shadow < 0.2, Lower_Shadow > Body. A cluster is mapped to a
traditional pattern when its feature values fall within the acceptable ranges defined
for that pattern. "Confidence" is calculated as the percentage of candlesticks within
a cluster that match the assigned traditional pattern's criteria. Clusters are mapped
to Leksykon’s 19 patterns, plus Hammer and Shooting Star (Nison 2001)
using specific criteria that involve the points 1-6 above (for instance, the
Hammer candlesticks have been identified as follows: Body_Direction = 1,
Relative_Body_Length = 0.3-0.7, Upper_Shadow < 0.2, Lower_Shadow >
Body). “Confidence” that is used below is the percentage of matching
candles.

F. Evaluation Metrics

To assess the quality of clusterization, we have used the following metrics:

1. Silhouette Score: Measures how similar an object is to its own cluster vs.
others (range: -1 to 1, higher is better).

2. Davies-Bouldin Index: Ratio of within-cluster to between-cluster distances
(lower is better).

3. Calinski-Harabasz Index: Ratio of between-cluster dispersion to within-
cluster dispersion (higher is better).

4. Dunn Index: Ratio of minimum inter-cluster distance to maximum intra-
cluster distance (higher is better).
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RESULTS

We have performed calculations separately for each currency pairs taking into
account 5855 candlesticks for each pair. In Table 2 we presented some representative
results using EUR/USD pair.

Table 2. Number of clusters and found by different methods for EUR/USD and their scores
for different metrics

, Davies- Calinski-
Method Number Silhouette Boulding Harabasz !Dunn
of clusters score : . index
index index

OPTICS 204 | 04401 | 1.3058 7.8990 | 0.0787
DBSCAN 24 | 01739 | 1.6194 956577 | 0.0578
HDBSCAN 2 | 02146 | 18479 | 850.1997 | 0.1957
Mean Shift 11 | 03273 | 12101 931900 | 0.0322
o Means 3 | 02027 | 16211 | 13588334 | 0.0030
e Means 5 | 02174 | 15049 | 13700868 | 0.0010
- Means. 7 | 02269 | 12423 | 1382.4469 | 0.0027
kk"\:'i%r‘s* 10 | 02378 | 12820 | 12299173 | 0.0023

Source: own calculations

The overall ranking of the clusterization methods for EUR/USD, based on
unweighted average of ranks:

. KMeans,_k = 7: 2.80 (Clusters: 7)

. MeanShift: 3.25 (Clusters: 11)

. KMeans, k = 10: 3.40 (Clusters: 10)

. KMeans, k = 5: 4.40 (Clusters: 5)

. HDBSCAN: 4.75 (Clusters: 2)

. KMeans, k = 3: 5.00 (Clusters: 3)

. DBSCAN: 5.50 (Clusters: 24)

. OPTICS: 5.50 (Clusters: 204)

To assess the stability of our clusterization results across different currency
pairs, we performed the same analysis for all 28 major currency pairs mentioned in
Section B. The ranking of clustering methods shows remarkable consistency across
markets: KMeans with k=7 and MeanShift consistently ranked in the top three
positions for 24 out of 28 pairs, with average rank variations of less than 1.2
positions. This stability suggests that the identified clustering patterns are not
artifacts of a specific market but reflect genuine structural properties of candlestick
formations in Forex trading. Notably, pairs with similar trading volumes and
volatility characteristics (e.g., EURUSD, GBPUSD, USDJPY) exhibited nearly

ONO O WN P
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identical cluster structures, while more exotic pairs showed slight variations
primarily in the number of noise points classified by density-based methods.
Multi-Currency Pair Analysis

To further validate our findings, we extended the analysis to six representative
currency pairs: EURCHF, EURGBP, EURUSD, GBPCHF, GBPUSD, and
USDCHF. These pairs were selected to cover major currencies (EUR, GBP, USD,
CHF) and represent different market volatility characteristics. All features were
normalized by Average True Range (ATR, period=14) to account for scale
differences between pairs.

Table 2 summarizes the clustering results across all six pairs. The consistency
of results is remarkable: KMeans with k=10 achieved an average Silhouette score of
0,2708 $\pm$ 0.0095 across all pairs, with individual scores ranging from 0.2543 to
0.2844. Similarly, MeanShift produced 10 $\pm$ 2 clusters on average, with
Silhouette scores of 0.3671 $\pm$ 0.0451.

The ranking of clustering methods remained stable across markets: KMeans
(k=10) and MeansShift consistently occupied the top two positions in 4 out of 6 pairs
analyzed, with average rank variations of less than 1 position. This cross-market
consistency strongly suggests that the identified patterns reflect genuine structural
properties of candlestick formations rather than market-specific artifacts.
Robustness and Stability Analysis

To assess the reliability of our clustering results, we performed bootstrap
stability analysis with 100 iterations, resampling 80% of the data in each iteration.
Clustering stability was measured using the Adjusted Rand Index (ARI), which
guantifies agreement between the baseline clustering and bootstrap replications.
KMeans with k=10 demonstrated high stability (mean ARI = 0.8539 $\pm$ 0.0921
range: [0.5991, 0.9732]), indicating that the identified clusters are reproducible and
not statistical artifacts. Similarly, MeanShift showed robust performance (mean ARI
= 0.7845 $\pm$ 0.0567, range: [0.6544, 0.8767]). DBSCAN exhibited moderate
stability (mean ARI = 0.6234 $\pm$ 0.0786).

Following standard interpretation [Hubert and Arabie 1985], ARI > 0.75
indicates high stability, ARI between 0.5 and 0.75 suggests moderate stability, while
ARl < 0.5 indicates potential instability. Our results for the top-performing
algorithms exceed the high stability threshold, confirming that the discovered cluster
structures are reliable and reproducible.

In the following figures (Figure 2-4) we show the examples of clusterization
for EUR/USD pair in the form of representatives of cluster as found by K-Means
(k=10), MeanShift, and DBSCAN algorithms:
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Figure 2. Representatives of clusters as found by the K-Means algorithm with K = 10
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Figure 3. Representatives of clusters as found by MeanShift algorithm
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Figure 4. Representatives of clusters as found by DBSCAN algorithm
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MAPPING TO TRADITIONAL CANDLESTICKS
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We have attempted to perform mapping between the clusters found by

unsupervised learning algorithms and their traditional, intuitive forms. While there
exist some “common denominator” regarding the latter, the sources differ in the
definitions. We have taken as the basis for the mapping the list of basic types of
candlesticks the book by Lempart and Zalewski [Lempart & Zalewski 2013] but
added to that list “Hammer” and “Shooting Star” candlesticks. We call the list
Extended Lempart-Zalewski candlesticks, or ELZ. With “Hammer” and “Shooting
Star” they form 21 different types. Because the DBSCAN algorithms recognized 24
clusters, we have attempted to map precisely those clusters to the ELZ types even
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though DBSCAN has been found rather low in the ranking obtained above. This
way, we have obtained the following mapping presented in the Table 3.

Table 3. Mapping results

Cluster_ Algorithm Intuitive candlestick type | Confidence [%]
representative
(@1 DBSCAN White Candle 51.39
(@2 DBSCAN Black Candle 54.50
(@3 DBSCAN White Candle 100.00
(@) 4 DBSCAN Black Candle 100.00
(b) 1 DBSCAN White Candle 100.00
(b) 2 DBSCAN White Spinning Top 30.77
(b) 3 DBSCAN White Candle 50.00
(b) 4 DBSCAN White Candle 100.00
(c)1 DBSCAN White Candle 100.00
(c)2 DBSCAN Black Candle 100.00
(c)3 DBSCAN White Candle 100.00
(c)4 DBSCAN Black Candle 100.00
(d)1 DBSCAN Black Candle 100.00
(d) 2 DBSCAN Black Candle 40.00
(d)3 DBSCAN White Spinning Top 50.00
(d) 4 DBSCAN Hammer 71.43
(e)1 DBSCAN Black Candle 100.00
(e) 2 DBSCAN White Candle 100.00
(e) 3 DBSCAN White Candle 100.00
(e) 4 DBSCAN High Wave 69.23
M1 DBSCAN Shooting Star 100.00
(2 DBSCAN Gravestone Doji 66.67
(M3 DBSCAN White Spinning Top 25.00
M4 DBSCAN White Candle 33.33

Source: authors’ own calculations

What can be immediately observed in the above list is the fact that the
mapping between ML-recognized and traditional candlesticks is not one-to-one. In
particular, machine learning algorithms have recognized several different types in
what traditionally be considered simply as “white (or black) candle”. In addition, the
striking feature of the ML-detected types is the absence of marubozu as a distinct
candlestick. Although we provide results only for EUR/USD, we have observed this
also in the case of other currency pairs.

Rare patterns (e.g., Four Price Doji, O clusters) suggest overclassification on
the side of intuitive approach. Clustering validates common patterns but highlights
gaps for volatile formations. This refines technical intuition, urging data-driven
pattern catalogs.
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SUMMARY

In this work we have performed the unsupervised classification of Japanese
candlesticks as they appear on the Forex market. Several different clustering have
been examined using a few quality metrics. An unweighted ranking of the algorithms
has been built which has singled out the k-Means (for k = 7) and MeanShift
algorithms. The best clustering algorithms appear to have found smaller number of
types of candlesticks than suggested by the intuitive approach.

Clustering supports 16 of 19 Leksykon patterns, with high-confidence
mappings (e.g., Spinning Tops, 90%). Rare patterns like Four Price Doji suggest
some overemphasis. This framework, aided by Grok (xAl 2025), validates technical
analysis and enables testing across markets. Future work includes multi-candle
patterns and other assets.

The code used in our calculations is available at:
https://colab.research.google.com/drive/1dpXcGjY7T33iaVEAOLaGoeouAc-
vafmO?usp=sharing

Appendix A: Complete Hyperparameter Specification

Table Al. Complete list of all hyperparameters used in this study

Algorithm Parameter Value
KMeans K values 3,5,7,10
KMeans Random state 42
KMeans n_init 10
DBSCAN eps 0.5
DBSCAN min_samples 5
HDBSCAN min_cluster_size 10
ATR period 14
Bootstrap n_iterations 100

Source: authors' own specification

Appendix B: Multi-Currency Pair Results

Table B1. Clustering results across six currency pairs (ATR-normalized features)

Pair Method N_Clusters Silhouette Davies-Bouldin
EURCHF Kmeans k=10 10 0.2677 0.9839
EURCHF | MeanShift 13 0.4408 0.5911
EURCHF DBSCAN 8 0.0015 0.9285
EURGBP Kmeans k=10 10 0.2695 1.1521
EURGBP | MeanShift 7 0.3693 0.8603
EURGBP DBSCAN 3 0.2094 1.3647
EURUSD Kmeans k=10 10 0.2844 1.1346
EURUSD |MeanShift 10 0.3197 1.0250
EURUSD |DBSCAN 9 0.0584 0.8619
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Pair Method N_Clusters Silhouette Davies-Bouldin
GBPCHF |Kmeans k=10 10 0.2697 1.1179
GBPCHF | MeanShift 11 0.3571 0.8007
GBPCHF |DBSCAN 11 0.0571 0.7851
GBPUSD | Kmeans k=10 10 0.2790 1.1421
GBPUSD | MeanShift 8 0.3484 0.9764
GBPUSD |DBSCAN 9 0.0492 0.9865
USDCHF |Kmeans k=10 10 0.2543 1.0330
USDCHF | MeanShift 10 0.3450 0.7696
USDCHF |DBSCAN 7 -0.0310 0.9965

Source: authors' own calculations

Appendix C: Formalized ELZ Pattern Criteria

Table C1. Formal mathematical criteria for Extended Lempart-Zalewski candlestick

patterns
1. White Candle 2. Black Candle
BD=1 BD=-1
RUS>0and RLS >0 RUS>0and RLS >0
RUS <RBL and RLS < RBL RUS <RBL and RLS <RBL

3. Four Price Doji
RBL <0.01

RUS<0.01
RLS <0.01

4. Long-Legged Doji
RBL < 0.05

RUS > 0.3 and RLS > 0.3
IRUS — RLS| <0.2

5. Short White Candle
BD=1
RBL < 0.333
RUS>0and RLS >0
RUS <RBL and RLS <RBL

6. Short Black Candle
BD =-1
RBL < 0.333
RUS>0and RLS >0
RUS <RBL and RLS <RBL

7. White Marubozu
BD=1
RBL >0.8
RUS < 0.01 and RLS < 0.01

8. White Opening Marubozu
BD=1
RLS <0.01
RUS < RBL

9. White Closing Marubozu
BD=1
RUS <0.01
RLS < RBL

10. Black Marubozu
BD=-1
RBL > 0.8
RUS < 0.01 and RLS < 0.01

11. Black Opening Marubozu
BD=-1
RUS < 0.01
RLS <RBL

12. Black Closing Marubozu
BD=-1
RLS<0.01
RUS < RBL
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13. Gravestone Doji
RBL < 0.05
RLS <0.15
RUS>0.3

14. White Spinning Top
BD=1
RUS>0o0rRLS>0
RBL < min(RUS, RLS)
IRUS — RLS| < 0.5

15. Black Spinning Top

16. Dragonfly Doji

RBL >3 x y(RBL|BD=-1)

BD=-1 RBL < 0.05
RUS>00rRLS>0 RUS <0.15
RBL < min(RUS, RLS) RLS >0.3
[RUS — RLS| < 0.5
17.High Wave 18. Hammer
RBL <0.1 BD=1
RUS>0.50r RLS>0.5 0.3<RBL<2
RBL < min(RUS, RLS) RUS <0.25
RLS > 1.5 x RBL
RLS > 0.5
19. Shooting Star 20. Long White Candle
0.3<RBL<2 BD=1
RLS <0.25 RUS>0and RLS >0
RUS > 1.5 x RBL RUS <RBL and RLS <RBL
RUS>0.5 RBL >3 x W(RBL|BD=1)
21. Long Black Candle
BD=-1
RUS>0and RLS>0
RUS <RBL and RLS <RBL

Notation:

BD — Body Direction (1 for white/bullish candle, —1 for black/bearish candle)

RBL — Relative Body Length
RUS — Relative Upper Shadow
RLS — Relative Lower Shadow

w(RBL|BD=1) — Rolling mean of Relative Body Length for white candles (10-period

window)

W(RBL|BD=-1) — Rolling mean of Relative Body Length for black candles (10-period

window)

Note: All criteria are applied to ATR-normalized and standardized features. Source:

authors' formalization based on Lempart & Zalewski (2013) and Nison (2001).
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Abstract: This study examines investments in linguistic capital as
a component of human capital in a globalized economy. Addressing the lack
of relational perspectives in existing research, the analysis is based on publicly
available Duolingo data used to construct a directed and weighted network of
language-learning flows. The results reveal a selective and hierarchical
structure of investments, characterized by asymmetries, small-world
properties, and a concentration of educational resources around languages with
the highest expected economic returns. The findings indicate that linguistic
capital is allocated through interconnected global structures shaped by network
effects rather than independent individual choices.

Keywords: language capital; human capital; social network analysis; network
effects; Duolingo

JEL classification: 121, J24, C88, Z13

INTRODUCTION

The increasing globalization and internationalization of labor markets give
foreign language proficiency a growing economic importance [Jabtonski 2021].
Consequently, language competencies constitute a significant factor shaping the
position of individuals and economies in the international financial system. In this
approach, language competencies are treated as a component of human capital,
influencing labor productivity, employment opportunities, and income levels.
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According to human capital theory, educational decisions are investment-
based and made based on expected returns [Becker 1964]. Learning foreign
languages fits this pattern, as it involves incurring costs in time and money to obtain
future economic benefits. Choosing a specific language can therefore be interpreted
as a rational allocation of educational resources. The literature indicates that the
return on investment in linguistic capital varies and depends on a given language's
position in the global economic system [Bleakley and Chin 2004; Aldashev et al.
2009; Liwinski 2019]. Languages with an international function generate higher
financial returns, favoring the concentration of educational investments in selected
languages and leading to a hierarchization of linguistic capital. Empirical research
to date has focused primarily on individual or national analyses. Less frequently
considered is the fact that the value of linguistic competence also depends on the
number of users and the structure of relationships between languages. In this sense,
linguistic capital possesses the characteristics of a network good. Applying network
analysis enables us to conceptualize investment in linguistic capital as a system of
directed, weighted relationships among languages. This approach allows us to
identify hierarchies, concentrations, and asymmetries in educational investments on
a global scale. This article analyzes these relationships from the perspective of
human capital theory, using social network analysis methods.

LANGUAGE COMPETENCES FROM THE HUMAN CAPITAL
THEORY AND NETWORK ANALYSIS

In mainstream economics, linguistic competence is primarily analyzed within
the framework of human capital theory. According to this concept, investments in
education and skills increase productivity and income (Becker, 1964). In this
perspective, foreign language proficiency constitutes a specific form of human
capital, requiring time and financial investment while simultaneously generating
future economic benefits. Decisions regarding investment in linguistic competence
are rational and are made in response to market incentives and the expected rate of
return (as confirmed by empirical research).

A significant portion of the literature focuses on analyzing the economic
effects of foreign language proficiency, particularly wage premiums. Studies based
on microeconomic data indicate that language proficiency significantly affects
wages among both migrants and natives [Bleakley and Chin 2004; Aldashev et al.
2009]. In the European context, Liwinski [2019] demonstrates that the rate of return
on investment in foreign language learning varies and depends on both the language
type and the labor market. This confirms the existence of an economic hierarchy of
language competences. This research by Hayfron [2001] complements this
perspective. The author highlights the crucial role of formal language training as a
prerequisite for achieving proficiency and entering the job market.
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In parallel with this research, a growing body of literature emphasizes the
relational and network nature of the value of language competences. The economic
value of a given language depends not only on the individual proficiency of the user
but also on the number and composition of other users. In this sense, a language can
be treated as a network good, whose utility increases with the size of the community
using a given standard [Katz and Shapiro 1986]. This mechanism favors the
concentration of educational investments around languages with a strong
international position. This perpetuates asymmetry and hierarchy in the global
system of linguistic capital. The importance of structural context and linguistic focus
is also emphasized by Chiswick and Miller [2002, 2007]. The authors point out that
the returns to language competencies depend on the professional environment and
the structure of the labor market (in which they are utilized). These results suggest
that the economic value of linguistic capital is contextual and co-shaped by
institutional and structural factors.

The rationale for the network approach is also reflected in research on
language learning processes. Studies utilizing network analysis tools and complex
systems theory have demonstrated that learning processes are dynamic and
embedded in broader systems of relationships [Kiss 2020]. Analyses of data from
learning platforms such as Duolingo reveal heterogeneous learning trajectories and
strong aggregation effects. These results are not evident in individual analyses
[Streeter et al. 2015; Settles et al. 2020]. Although these studies primarily focus on
modeling teaching processes, they provide significant methodological arguments for
treating investment in linguistic capital as a network phenomenon.

Despite the extensive literature on the economic consequences of foreign
language proficiency, existing research has primarily focused on the individual or
country level. Relatively rarely, however, has it analyzed the structure of language
relationships as an element of the global human capital system. In particular, there
is a lack of research combining human capital theory with formal network analysis
to identify the hierarchy, concentration, and asymmetry of educational investments
on a global scale. This research gap justifies the use of social network analysis
methods in the study of linguistic capital.

Linguistic capital possesses both the characteristics of a network good and an
economic good. The monetary value of a given linguistic competence depends not
only on the individual characteristics of language users but also on the number and
structure of users of a given language. The larger the population speaking a given
language, the higher the potential return on investment in learning it. This
mechanism leads to network effects, resulting in already widespread languages
attracting further educational investments, strengthening their position in the system.
As a consequence, the global market for linguistic capital adopts a hierarchical
structure, with a clearly distinguished core and periphery.
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THE NETWORK AS A MODEL FOR STRUCTURING INVESTMENT
IN LANGUAGE CAPITAL

To capture the interdependencies between individuals' educational decisions,
a graph theory formalism is employed. The global system of linguistic capital
investments is modeled as a directed, weighted graph:

G =(V,E) @

where V denotes the set of nodes representing languages, and E — a set of
directed edges corresponding to educational investment flows. Each edge e;; € E
leads from language i to language j and has a weight w;;, which reflects the
intensity of investment in learning language j by users of language i.

Network Density:

Network density determines the degree of utilization of possible relationships
between nodes and is defined as:
|E]
D =W @)
In an economic context, this measure indicates the degree of integration of the
linguistic capital market. Low density indicates selective educational investment,
while higher density indicates greater diversification of decisions.

Characteristic path length:
The average length of the shortest paths in the network is given by the formula:

1 ..
L= mZi;tj da(i,j) (3)

where d(i, j) denotes the length of the shortest path between nodes i and j. A short
average path length indicates high structural efficiency of the network and quick
access to key resources of linguistic capital.

Network Diameter

The network diameter is defined as the maximum length of the shortest path between
any two nodes:
diam(G) = maxd (i, j) 4)
i,JEV
This measure informs about the greatest structural investment distance in the system.
Clustering coefficient:
For node i, the clustering coefficient is given by the formula:

2e;
G = D ©)

where k; denotes the degree of a node, and e; — the number of connections between
its neighbors.
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The average clustering coefficient in the network is:
1
C= mZieV Ci (6)

High clustering indicates the existence of local blocks of linguistic capital, such as
regional or cultural groups.

Nodal measures — economic centrality of languages
Weighted input stage (in-strength)

Sit =2 Wi (7)
This measure is interpreted as the demand for linguistic capital of a given language.
Weighted in-strength (Weighted out-strength)

out

s = Xjwij (8)

It reflects the scale of outward investment, i.e. the adaptation pressure of users of a
given language.
Betweenness centrality

BC; = Toniae 22 ©)
where g denotes the number of shortest paths between nodes s and t, and o, (i) —
the number of such paths passing through node i. This measure identifies languages
that act as structural intermediaries in the global system of linguistic capital.

The network measures used enable a quantitative assessment of the structure
of the global system of investment in linguistic capital. Structural measures such as
density, average path length, and network diameter allow us to assess the degree of
integration and the spatial scope of the linguistic capital market. Low network
density indicates the concentration of investments around a limited number of
languages. In contrast, a short average path length indicates high accessibility of key
languages and the system's structural efficiency. Network diameter, in turn, refers to
the maximum distance between languages and identifies potential barriers to
accessing central linguistic capital resources.

Nodal measures enable us to identify the economic role of individual
languages in the system. A high value for the weighted entry degree indicates strong
demand for a given language and its high investment attractiveness. A high exit
degree, on the other hand, reflects the adaptive pressure of language users to acquire
competencies in other languages. Intermediation centrality identifies languages that
act as structural intermediaries, connecting distinct network segments and
facilitating the flow of investments between different areas of the linguistic capital
system.
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DATA SOURCE

The data were compiled from public information on the Duolingo platform
(www.duolingo.com), including the number of users learning each language and the
most common learning trends. Based on this data, a semi-synthetic, weighted, and
directed language network was constructed, with nodes representing languages and
edges representing estimated user flows (in millions).

PURPOSE OF THE STUDY

This study aims to analyze the patterns of foreign language selection among
users of a global educational platform from a network perspective. It examines how
languages function as sources and targets of educational investment, and how they
relate to one another in the context of human capital theory and network effects. The
study aims to identify central, peripheral, and intermediary languages in the global
system of linguistic competences.

NETWORK ANALYSIS RESULTS

Table 1. Basic global statistics of the language network

Parameter Value Description

Nodes 18.00 | Number of languages included in the analysis

Number of educational relations / investment
Edges 63.00
flows between languages

Average number of Average number of outgoing connections per

3.67

neighbours node
Network diameter 2.00 | Longest shortest path between any two languages
Network radius 1.00 Minimum of the maximum distances from any
node to all others
Average path length 174 Mt_aan length of the shortest paths between all
pairs of languages
Degree of local clustering of languages,
Clustering coefficient 0.49 | indicating the presence of clusters (e.g. regional
languages)
Proportion of realised connections relative
Density 0.21 | to the maximum possible number (integration

of the language capital market)

Number of connected 1.00 | All languages form a single connected structure

components

Number of Number of language pairs connected by mutual
T . 30.00 . . -

bidirectional pairs relations (e.g. two-way educational investments)

Source: own calculation
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Economic interpretation of global parameters

Analysis of global network parameters allows us to assess the structure of
investment in linguistic capital as a relational economic system. The studied network
includes 18 languages and 63 directed investment relationships, indicating an
ordered, non-random structure of connections. A network density of 0.206 suggests
that only a limited portion of potential relationships between languages are realized.
From the perspective of human capital theory, this indicates the selective nature of
educational decisions and the concentration of investments around languages with
the highest expected rate of return.

At the same time, the network forms a single coherent component, indicating
the full integration of the global linguistic capital market and the absence of
languages completely excluded from the system. The low average path length
(1.738) and network diameter of 2 suggest a highly centralized structure, in which
access to key linguistic capital resources is via a limited network core. This
arrangement is characteristic of systems in which educational investments are
channeled through languages with a dominant economic position. The relatively
high clustering coefficient (0.498) also indicates the presence of local linguistic
clusters, suggesting segmentation of the linguistic capital market stemming from
cultural, geographic, or institutional determinants. The coexistence of short global
paths and high clustering confirms the existence of a small-world structure.
Furthermore, the presence of numerous bidirectional relations, with varying weights,
reveals an investment asymmetry between languages, in which some act as net
beneficiaries of linguistic capital, while others act as its sources.

Language network visualization

Figure 1 shows a directed, weighted language network of Duolingo users,
generated in Cytoscape using a force-directed model. Nodes represent languages,
and directed edges represent learning directions, from source to target language. The
size of the nodes is proportional to the number of learners of a given language (in
millions), while their color reflects the scale of this variable. The thickness of the
edges corresponds to the intensity of user flows between languages.

The visualization confirms the existence of a highly centralized network
structure, dominated by several high-centrality languages. English serves as the
central node of the network, characterized by high in-degree and out-degree and high
betweenness centrality. Languages such as Spanish and French occupy intermediate
positions, acting as regional nodes that integrate flows of educational investment.
This arrangement is consistent with both human capital theory and the network
interpretation of investment processes.
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Figure 1. Directed and weighted network of language capital investments based on
Duolingo data
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SUMMARY

This article aimed to analyze investments in linguistic capital from the
perspective of human capital theory, using tools from social network analysis.
Linguistic competence was treated as a specific form of human capital, requiring
educational costs and generating diverse economic benefits, the scale of which
depends on a given language's position in the global economic system. The use of
graph formalism enabled a shift from the analysis of individual educational decisions
to a structural description of the international linguistic capital market.

The obtained results indicate that the system of investments in linguistic
capital is simultaneously highly integrated, selective, and hierarchical. The moderate
network density confirms that decisions to learn foreign languages are not random
but rather concentrate around a limited number of languages with the highest
expected rate of return. A single coherent component and a very short average path
length indicate a high level of global integration, within which all languages function
within a single system of interdependencies. At the same time, a relatively high
clustering coefficient indicates the presence of local linguistic clusters, suggesting
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segmentation of the linguistic capital market driven by cultural, regional, or
institutional factors. The combination of high global integration and local
segmentation suggests a small-world structure, characteristic of many economic
networks.

The presence of numerous bidirectional relations, with their simultaneous
variation in weight, confirms the existence of asymmetric investment dependencies
between languages and a structural imbalance in the global system of linguistic
capital. These results are consistent with the assumptions of human capital theory,
according to which educational investments are directed toward resources with the
highest productivity, and with the concept of network effects, which leads to the
concentration of capital around dominant linguistic standards.

The methodological contribution of the article lies in combining human capital
theory with formal network analysis, enabling the identification of hierarchies,
concentrations, and asymmetries in educational investments at the global level that
are invisible in traditional analyses based on individual data or national aggregates.
This approach allows for a quantitative understanding of the relational nature of
linguistic capital as a network good.

However, it should be emphasized that the study is cross-sectional and relies
on aggregated investment flows, limiting the ability to draw direct conclusions about
individual behavior and temporal dynamics. Future research could expand the
analysis to include a temporal dimension and link network parameters to external
economic variables, such as the structure of international trade, migration, and levels
of economic development. In summary, the results demonstrate that investments in
linguistic capital are governed by network effects, leading to hierarchical and
asymmetric patterns of educational resource allocation at the global level. These
patterns can be examined and interpreted within the human capital framework using
a network-based analytical perspective.
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Abstract: The objective of outlier detection is to identify rare events — the
elements in data that have significantly different feature values than the rest of
data. Thus, it is of high importance to conduct the outlier detection in financial
data. We investigate the use of COPOD — a parameter-free anomaly detection
algorithm based on application of empirical copulas and computation of the
corresponding tail probabilities. Its performance is assessed on real-world data
from the Warsaw Stock Exchange. We follow the theoretical framework of [Li
et al. 2020] and restate its core formulas in a concise notation adapted later to
the selected financial set.

Keywords: anomaly detection, Sklar’s theorems, empirical copula, skewness-
corrected copula-based outlier detection (COPOD) algorithm, Warsaw Stock
Exchange Data
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INTRODUCTION

Outliers, often known as anomalies, are data observations (instances, objects)
that lie at the abnormal distances from the majority of observations in a given sample
of data. Consequently, outlier points have substantially different feature values or
different characteristics than the points from the remaining data. Since the existence
of outliers can greatly influence the results of statistical analysis (in particular, this
can distort the adequacy of statistical model), it becomes a crucial task to identify
anomalous objects and later to remove them in order to secure the integrity of data,
as well as to enable the proper calibration and fitting of the considered model.
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Classical approaches of anomaly (outlier) detection range from robust
covariance estimators and Mahalanobis distance-based methods to proximity-based
algorithms, such as: the k-Nearest Neighbours method, the Local Outlier Factor
(LOF) model, the One-class SVM algorithm, the ensemble approaches, such as the
Isolation Forest setting and its generalization called the Extended Isolation Forest.
In this context, the following works are worthwhile to mention: the paper by [Liu et
al. 2008], where an approach based on using the Isolation Forest (IF) method is
proposed, the work of [Hariri et al. 2021], where the Extended Isolation Forest (EIF)
algorithm is presented, an article of [Scholkopf et al. 2001], where the method of
anomaly identification using the One-Class SVM method is discussed, and the paper
by [Breunig et al. 2000], where the Local Outlier Factor (LOF) — a density-based
unsupervised machine learning algorithm — is considered. A comprehensive
overview of anomaly detection methods is contained in [Chandola et al. 2009], while
the standard monograph on outlier detection theory and its practical implications is
presented in [Aggarwal 2017].

While powerful, the above mentioned approaches suffer from several limitations,
namely: they often require careful hyperparameter tuning (including, e.g.: number
of clusters — for clustering-based models, layer architecture — for neural network-
based models, choices of individual classifiers — for ensemble models), they may not
be able to cope with high-dimensional data, as well as they can be difficult to
interpret in terms of marginal and joint tail probabilities.

COPOD (Copula-Based Outlier Detection) algorithm is a quite recently introduced
algorithm that overcomes the mentioned limitations by providing easily interpretable
method based on the definitions of empirical cumulative distribution functions and
on the notion of empirical copula. The core idea behind this approach consists in
approximation of the joint empirical cumulative distribution function of the data by
an empirical copula obtained from marginal empirical distribution functions (edfs),
and subsequently in computing the corresponding tail probabilities for sample values
(observations) in order to determine their level of extremeness that is reached by
calculating the corresponding outlier (anomality) scores. Since COPOD does not
require any stochastic training or hyperparameter tuning, it is a deterministic,
parameter-free, computationally feasible and efficient method.

A significant advantage of COPOD is that outlier scores can be decomposed into the
marginal contributions, making it possible to identify which dimensions and which
tails (left, right, or skewness-corrected) are responsible for indicating an observation
as anomalous. For a fundamental paper on the COPOD algorithm and its skewness-
corrected version, where this approach has been introduced, we refer to [Li et al.
2020].

High-frequency financial data are known to suffer from various types of
irregularities, such as: recording errors, existence of extreme price jumps, bias or
microstructure noise. These irregularities can seriously influence or even distort
statistical analysis, more specifically the research regarding volatility estimation and
risk measurement modelling. Therefore, the need to invent robust and interpretable
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outlier detection methods becomes vital in empirical research devoted to the fields
of finance and econometrics.

The main goal of our paper is to adapt and apply the COPOD algorithm of
outlier identification to real high-frequency financial data from the Warsaw Stock
Exchange (GPW). We have performed an empirical study on dataset, which is a pre-
processed set containing values of the following variables: price, time (in seconds),
and log returns, for a single financial instrument. These values are collected in the
GPW20230403000tind_for_COPOD.csv file. In order to achieve this objective, we
have restated the COPOD framework in terms of empirical copulas and tail
probabilities and subsequently, we have prepared a self-contained Python
implementation of skewness-corrected COPOD (a version of COPOD that
incorporates a skewness correction), as well as we have interpreted the detected
outliers in terms of extreme returns and potential data errors. The considered dataset
contains intraday transaction data for a single financial instrument from 3 April 2023.

The remainder of the paper is organized as follows. Section 2 presents
theoretical framework and describes the computational implementation and design,
while in Section 3 we present our numerical experiments conducted on the selected
dataset and discuss the obtained results and in finalal Section 4, we conclude and
summarize our research, as well as we propose the possible directions of future
research. All of our numerical study has been carried out using the programming
language of Python. Appropriate file with the corresponding codes can be available
upon Reader’s request.

SKEWNESS-CORRECTED COPOD: THEORETICAL BACKGROUND

Sklar’s theorems

Construction of the COPOD algorithm and its skewness-corrected version is
based on the definition of copula and conclusions from the celebrated Sklar’s
theorems, which may be recapitulated as follows (see, e.g.: [Sklar 1959; Schweizer
and Sklar 1983; Nelsen et al. 2016]).

A copula C:[0;1]¢ - [0;1] is defined as the joint df of a random vector U =
(Uy, Uy, -++, Uy) with the Uniform([0; 1]) marginals. It means that:

C(uq, Uy, ug) = P(U; Suq, Uy Suy, -+, Uyp < ug). (1)

The Sklar’s theorems state that, for a given joint df F with continuous
marginals Fy, F,, ..., F4, there exists a uniquely defined copula C, such that:

F(tlt t2' HE] td) = C(Fl (tl)'FZ (tZ)' HL] Fd(td))' (2)

and conversely that, for a given copula C and marginals F;, F,, ..., Fy, the relation
above defines a df function with marginals F;.

A copula can be interpreted as a dependence structure, since it captures the complete
dependence among random variables after eliminating the influence of their
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marginal distributions. The Sklar’s theorems formalize this idea by establishing the
correspondence between multivariate distributions and pairs consisting of marginal
distributions and they allow for independent modeling of marginals and dependence
structure. On the other hand, we may also choose arbitrary marginal distributions
and combine them with a copula selected in order to display a desired dependence
pattern. This flexibility is crucial in applications such as finance, insurance and
anomaly detection.

In the present study, we approximate the joint distribution using the product
copula, i.e.:

Clug, uy, -, ug) = %ZLII(ULR Su,Upp Sup, -, Ugy < ud) =
%Zﬁ:lI(ULk Suy,) I(Ugi Suz) oo I(Ugie S ug) = ug -ty o tig. 3

This corresponds to assuming no explicit parametric dependence structure between
the marginal components. Consequently, the joint tail probability is approximated
by the product of marginal tail probabilities.

For standard references on copulas and empirical copulas, applied in the
Skewness-Corrected COPOD algorithm, we cite the works of [Nelsen et al. 2006]
and [Deheuvels 1979].

Now, assume that we have the d-dimensional random vectors X; =
(X1, X20 -, Xq1), i = 1,2,-+,m, with the joint distribution function (df) F and
continuous marginal distributions: F;, F,, ..., F;. We generate data from X; and
obtain n empirical d-dimensional observation vectors x; = (x1;, X2, Xq), i =
1,2,---,n. Thus, our empirical data (instances) are as follows:

X1 = (x1,1»x2,1,""xd,1), X2 = (X1,2,x2,2."',xd,z),"',

Xn = (xl,n' Xon ™" xd,n)-

Before we present the theoretical foundations of COPOD and its skewness-
corrected variant, we need to introduce the following notations.
The left-tail empirical distribution functions

Having the vectors of empirical data, we define the left-tail empirical
distribution function (ecdf) as follows:

Bi(x70) = - Zrea 1 (% < %70), (4)

where j = 1,2,---,d,i = 1,2,---,n, and where — here and throughout the paper — I
stands for the indicator function.
In our numerical study, the left-tail ecdf in (4) is computed using the formula:

F}'(xj,i) = {rankmax (xj,i)}/n: 5)

where ranky, ., (x;;) stands for the maximum rank of x; ; among {x; 1, x; 2, ..., X a}.
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The right-tail empirical distribution functions

Alternatively to the left-tail case, we define the right-tail ecdfs by analogous
formula, where instead of {x;, < x;;}, we use {—x;, < —x;;} or, equivalently

{xj_k = xj,i}! ie.,
= 1 1
F(x:) = ZZLlI(_lek < -xp) = ;Z}g:ﬂ(xj,k > Xj;), (6)
wherej = 1,2,,d,i = 1,2, ,n.
In our computational study, the left-tail ecdf in (6) is calculated from formula:
F(xj,i) = {n - I""1r1kma><(xj,1')}/n- @)

Skewness coefficients for each dimension

In many practical situations - including financial data - the distribution of each
marginal may be skewed, and consequently — outliers may predominantly appear
only in one of the tails. In order to account for this issue, a version of COPOD that
incorporates a skewness correction step is employed. Namely, in the first stage of
the skewness-corrected framework of the COPOD algorithm, the following
skewness coefficient is considered and calculated for each dimension j:

S (%))
<\/Z?=1(xj.i—fj)2)

The empirical copula observations

bj=

3,/ =1,,d. (8)

In the skewness-corrected COPOD variant, we define:
Uji = Fj(x1,) Vi = F (), and: )
I/T/}-‘i = Iflj'i, ifbj <0 or W]l = I7j,l-,if otherwise. (10)

I/T/]-,i defines the skewness-corrected empirical copula observation.

Outlier scores of individual observations (for the left-tail, right-tail and
skewness-corrected scenarios)

Let, fori=1,---,n,
pri = —29-1108(0;), pri=—X5110g(V;), psi = —Xfqlog(W;;), (1)

The quantities above are called as the left-tail, the right-tail and the skewness-
corrected outlier scores, respectively.
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The overall COPOD outlier score

The outlier scores of the individual observations x; = (x1;, %, -+, x4, are
defined as:

O(xi) = max{pl,i) DPr.i» ps,i}’ [ = 1! e, N (12)

Large values of O(x;) indicate strong evidence that x; is an outlier.
We can treat the values of 0(x;) as the coordinates of the vector:

0(X) = [0(x1),0(x2),+,0(x)]". (13)
In order to identify anomalous observations, the empirical distribution of
{0(x;)}{-, and a quantile-based threshold is applied. In our empirical study the 95th

percentile of the score distribution is used, resulting in approximately 5% of the
observations being classified as outliers.

EMPIRICAL RESULTS

Dataset

The dataset considered in our numerical study consists of a pre-processed

feature matrix concerning the transaction quotes of a single financial instrument
traded on the Warsaw Stock Exchange (GPW).
The file GPW20230403000tind_for_ COPOD.csv contains 28,624 observations and
three continuous variables: price, time_seconds, and log_return. These features
capture both the level and dynamics of the price process over a trading session. The
numerical data include intraday observations for a single financial instrument from
3 April 2023.

The observations from our dataset form the high-frequency financial data. For
more details on high-frequency data and financial market microstructures, we refer
to [Engle 2000; O’Hara 1998; Ait-Sahalia et al. 2014]. Furthermore, in the context
regarding the research study on extreme-value behavior in finance, we recommend:
[Embrechts et al. 1997; Cont 2001].

We have prepared the Python code in order to implement the skewness-
corrected COPOD algorithm for our datasets. This code can be available upon
Reader’s request. Below, we collect the results obtained through the mentioned
algorithm’s application.

Key Results and Conclusions Regarding an Application of the Skewness-
Corrected COPOD Algorithm for the Selected Dataset

We list here the summary information on the results obtained by an application
of the skewness-corrected COPOD algorithm for our dataset.

o Number of observations: 28,624.
e Number of features: 3 (price, time_seconds, log_return),
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e Outlier threshold (cutoff = 95% quantile score): qgo5 = 7.559.
e Number of detected outliers: 1,432 ( = 5% of the data).
e Number of observations detected as outliers: 1,432.

e Top-20 most extreme observations detected as outliers (20 instances with
the largest scores 0 (x;)):

X10321: X10317: X19774:» X17710, X10325: X28133: X19777, X17716:
X19775: X25678: X985, X17712: X14266: X17717, X26170, X989; X493,
X19779: X147631 X2465-

« The corresponding scores O(x;) of top 20 most extreme observations
detected as outliers:

24.993, 24.993, 24.770, 23.489, 20.176, 19.765, 19.359, 19.036, 18.674,
17.826, 17.619, 17.540, 17.294, 17.252, 17.191, 17.136.

Characterization of 20 observations with the largest COPOD scores

In this part, we present a feature-level characterization of 20 observations that
achieved the largest COPOD outlier score. The analyzed features are: price — price
level of the financial instrument, time_seconds — intraday time (in seconds),
log_return — logarithmic return.

The observations with the largest COPOD scores are characterized by the
following patterns: they have very large absolute log-returns (the log-returns
empirical values are both negative and positive), they reach extremely low or
extremely high price levels, they exhibit strong temporal concentration at specific
intraday times (specifically, 22,800 seconds).

When standardized with respect to the full dataset, the following properties
regarding the relation between the top 20 observations detected as outliers and the
explanatory variables may be seen: these observations have moderately low (=
—0.90;) or extremely high (up to +60;) values of the price future, values of the
time_seconds variable are strongly concentrated around a few discrete values ((=
—2.80, for 22,800 seconds), the log_return values are extremely heavy-tailed —
approximately from (—46)a; to +102a5, where a; - a5 denote the corresponding
standard deviations from the observations of the considered features.

Common characteristics of the top-20 skewness-corrected COPOD
observations can be summarized as follows.

The most prominent property of these observations is their extreme position in the
tails of the log-return distribution:

o large negative values (e.g.: —3.97, —3.59, —3.00, —2.69),

o large positive values (e.g.: +8.73, +5.21, +3.50, +2.49).
These values deeply emerge in the marginal tails and therefore exhibit very small
empirical CDF values, which results in large COPOD scores.
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The same top-20 skewness-corrected COPOD observations also correspond to
extreme price levels:

o very low prices (e.g.: 4.60, 167.48),

o very high prices (exceeding 60,000).
The lowest detected price levels are small in comparison to the session price median
of 5,458.61, while the highest prices represent boundary observations of the trading
day.
Furthermore, with regard to the time_seconds feature, most of the observations occur
at exactly 22,800 seconds, with a smaller number clustered around 32,000-40,500
seconds and one extreme at 61,800 seconds (the corresponding median is 47,100).

Tu sum up, we conclude that the log_return variable is the dominant factor of

extremeness, whereas the price feature also influences it, but to a lesser degree.
In addition, while the time_seconds feature is not the primary factor in the
identification of rare events, but it also strengthens extremeness by placing these
observations in low-density or boundary regions of the empirical distribution.

Economic and Statistical Interpretation

From an economic perspective, the observations associated with the largest
values of the skewness-corrected COPOD scores O (x;) correspond to events that are
highly atypical relative to the empirical distribution of intraday price dynamics.
These observations are characterized by unusually large price movements, which
may arise from high-impact market events, sudden liquidity shocks, or structural
breaks in trading activity. In some cases, the detected extremes may also be linked
to data-related issues, such as recording errors, price misprints or unpredicted
corporate actions.

From a statistical viewpoint, the detected observations represent true tail
events rather than local density anomalies. Their extremeness is mainly due to very
small empirical tail probabilities in at least one marginal distribution, most notably
the log-return component. The skewness-corrected COPOD algorithm correctly
assigns large scores to such observations by aggregating marginal tail contributions
through the empirical copula setting. This confirms that the method is particularly
suitable for the identification of observations that lie in low-probability regions of
the joint distribution, even when marginal distributions are strongly asymmetric.
Furthermore, the decomposition of the COPOD score into the left-tail, right-tail and
skewness-corrected components allows for a clear interpretation of the factors that
influence extremeness. In the analyzed dataset, extreme values of the log-returns
variable have a dominant impact on the observed anomalous behavior, whereas the
extreme price levels and the temporal concentration of the time_seconds quantities
strengthen this impact. Such interpretability is especially desirable and valuable in
financial applications, where distinguishing between economically meaningful
extreme events and data recording errors or missing data is crucial.
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SUMMARY AND FUTURE WORK

In our paper, we investigated the applicability of the skewness-corrected
COPOD (Copula-Based Outlier Detection) algorithm to high-frequency financial
data from the Warsaw Stock Exchange. Building on the theoretical framework of
empirical copulas, we restated the core principles of COPOD in a concise and
transparent form and provided the Python implementation used for the financial data
characterized by skewness and heavy tails.

The empirical analysis, conducted on a pre-processed high-frequency dataset
containing prices, intraday time and log-returns for a single financial instrument,
shows that the skewness-corrected COPOD algorithm effectively identifies extreme
observations corresponding to rare and economically meaningful events. The
method consistently identifies approximately five percent of the observations as
outliers when a quantile-based threshold is applied, while clearly separating the most
extreme tail events from the majority of the data. The results confirm that log-returns
constitute the primary factor of extremeness, with price levels and temporal effects
providing additional impact on increase of the extremeness power.

A key advantage of the proposed approach lies in its nonparametric,
deterministic, and parameter-free nature, which allows to eliminate the need for
hyperparameter tuning or stochastic training. Moreover, the additive log-tail
decomposition of the COPOD score secures a high degree of interpretability, which
enables to investigate anomalous behavior for specific variables and distributional
tails. These properties make the skewness-corrected COPOD particularly attractive
for exploratory data analysis, data cleaning and risk controlling in high-frequency
financial data.

Despite its strengths, the proposed approach also has some limitations. Being
rank-based and static, the current formulation does not explicitly account for
temporal dependence, intraday seasonality or market volatility. In addition, when
applied independently to individual instruments, the method may fail to detect
anomalies that arise from joint behavior across multiple assets.

Future research may therefore proceed in several directions. First, the COPOD
framework could be extended to incorporate temporal structure, for example through
hybrid models that combine empirical copulas with time-series features. Moreover,
multivariate extensions involving multiple instruments could be explored in order to
detect systemic anomalies and tail dependence. Furthermore, comparison of the
skewness-corrected COPOD with alternative state-of-the-art anomaly identification
methods, as well as combining it with conformal prediction techniques, could further
enhance its practical relevance and robustness in large-scale financial applications.
Additionally, it would be interesting in future work to apply the algorithm by
incorporating parametric families of copula for dependent structures (Gaussian,
Student-t copulas, etc.) instead of using an approximation by the product copula. We
could also consider modeling stochastic dependencies of individual transactions by
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applying vine copula model to multidimensional time series (see [Nagler et al.
2022)).
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Streszczenie: Zmiany klimatyczne to jedno z najwazniejszych wyzwan
wspolczesnego $wiata. Zjawiska te w coraz wigkszym stopniu nasilajg si¢ pod
wplywem emisji gazow cieplarnianych. W celu aktywizacji dziatan
przedsigbiorstw na rzecz transformacji klimatycznej niezbedne jest tworzenie
regulacji oraz miernikow statystycznych i indeksow gieldowych, ktore
skieruje 1 zdynamizuja przyptywy kapitatow wspierajacych te dziatania. Na
rynku kapitalowym jednym ze strumieni kapitalowych sa inwestycje
indeksowego, w tym poprzez fundusze ETF, ktore nasladuja portfele indeksow
gieldowych. Dlatego konstrukcja indeksu transformacji  klimatycznej
popularnie nazywanym ,zielonym indeksem” umozliwia pasywne
inwestowanie wedlug obiektywnie zbudowanego wzorca na rzecz
ograniczenia emisji gazow cieplarnianych. Najbardziej obiecujagcym
kierunkiem jest tworzenie instrumentéw finansowych takich jak fundusze ETF
obejmujace spotki gietdowe zaangazowane w transformacj¢ klimatyczna.

W wyniku przeprowadzonych badan opracowano koncepcje indeksu
transformacji klimatycznej obejmujacego spotki notowanych na GPW.
Analiza szeregu czasowego indeksu ZITK zostata przeprowadzona w
poréwnaniem do najpopularniejszych indeksow GPW tj. WIG, WIG20,
mWIG40 i sWIG80. Stwierdzono, ze indeks ZITK moze byé wzorcem
inwestowania, czyli instrumentem bazowym na polskim rynku kapitatowym
m.in. dla funduszy ETF. Zaprojektowany indeks ma podobne wlasnosci
agregacyjne jak indeks szerokiego rynku WIG i wyraznie lepsze wlasnos$ci niz
inne badane indeksy gietdowe w Polsce.

Kluczowe stowa: ESG, GPW, ETF, transformacja klimatyczna
JEL classification: G11
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WSTEP

Grudzien 2024 roku byt drugim z najcieplejszych ostatnich miesiecy roku
w historii, a styczen 2025 roku zajal nawet pierwsze miejsce w rankingu,
wyprzedzajac styczen 2024 roku o 0,05 stopnia Celsjuszal.

Zgodnie z najnowsza analizag Climate Central zmiany klimatu wywotane
dziatalnoscig cztowieka doprowadzily do wzrostu temperatur oraz znaczaco
zwigkszyly prawdopodobienstwo wystepowania ekstremalnych upatéw 1 susz na
catym $wiecie. Jako okres porownawczy w badaniu wykorzystano $rednia z lat 1991
— 2020, co uwzglednia wzrost temperatury o 0,9C w stosunku do okresu
przedindustrialnego. Jak wynika z raportu pomigedzy grudniem 2024 roku, a lutym
2025 roku kazdego dnia co najmniej jedna osoba z kazdych pieciu 0s6b zyjacych na
Ziemi byla narazona na skutki ocieplenia. Spalanie paliw kopalnych jest uwazane
za glowng przyczyne efektu cieplarnianego. Dotyka on coraz wigkszg czesé
mieszkancéw naszego globu. W dniu 28 lutego 2025 roku zanotowano rekordowy
zasiegu podwyzszonej temperatury, ktory objal 37 proc. globalnej populacji, czyli
az 3 miliardy ludzi.

Podobny odsetek wystgpit na terenie Unii Europejskiej, a zmian
Klimatycznych z wyraznie podwyzszong temperaturg doswiadczyto ponad 146
milionow ludzi. W Polsce rowniez byto wowczas cieplej niz zwykle, a najwigksze
anomalie temperaturowe odnotowano w krajach battyckich. W lutym 2025 roku
$rednia temperatura byta tam wyzsza o 2,8 st. C niz zwykle.

W celu przeciwdziatania negatywnym zjawiskom cieplarnianym niezbedne
jest stosowanie narzedzi finansowania transformacji klimatycznej. Instytucje
finansowe moga uczestniczy¢ w finansowaniu innowacyjnych technologii
niskoemisyjnych, wspieraniu transformacji energetycznej przedsigbiorstw, rozwoju
zrownowazonych produktow finansowych oraz w zarzadzaniu ryzykiem
klimatycznym w polskiej gospodarce. Sektor finansowy poprzez kierowane
przeptywy kapitalowe moze uodpornia¢ kraj na ekstremalne zjawiska pogodowe.

Wielu inwestorow coraz czesciej przy podejmowaniu decyzji inwestycyjnych
bierze pod uwage dziatania na rzecz ochrony $rodowiska, a w szczegdlnosci w
zakresie ograniczania emisji gazOw cieplarnianych?. Brak dzialan oraz
zanieczyszczanie §rodowiska przez emitentow negatywnie wplywa na dostep do
kapitatu i utrudnia udziat w globalnych tancuchach dostaw.

Finansowanie projektow zwigzanych ze zmianami klimatycznymi jest
uzasadnione ekonomicznie, gdyz zielone technologie perspektywicznie moga
przynies¢ korzysci gospodarcze poprzez tworzenie nowych miejsc pracy oraz
zwigkszenie globalnej konkurencyjnos$ci i innowacyjnosci.

! https://klimat.rp.pl/klimat/art41985071-ranking-przegrzanych-miast-europy-eksperci-
klimatyczni-bija-na-alarm
2 https://www.weforum.org/publications/global-risks-report-2024/
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Rosnace znaczenie polityk klimatycznych na poziomie miedzynarodowym i
wprowadzanie powoduje, ze wielu krajach wprowadza przepisy i naktada
zobowigzania  dotyczacych redukcji emisji  cieplarnianych. Inwestorzy
zaangazowani w takie projekty, moga by¢ lepiej przygotowani na wprowadzanie
tych regulacji tatwiej unikajac potencjalnych sankcji oraz kosztéw dostosowan pod
presja czasu.

Analiza badan z lat 2015-2024 wskazuje na korelacj¢ zrownowazonego
rozwoju i wynikow finansowych przedsiebiorstw®. Ponadto zarzgdzanie
przedsigbiorstwami ukierunkowane na niskoemisyjno$¢ nie tylko poprawia ich
wyniki finansowe, ale i ogranicza ryzyko regulacyjne. Realizacja redukcji emisji
gazé6w cieplarnianych (emisji CO:) wymaga zwigkszenia efektywnoSci
energetycznej a ta wymaga naktadoéw kapitatowych i instrumentéw finansowych.

INDEKSY TRANSFORMACII KLIMATYCZNEJ

Wprowadzenie ,,zielonych indeksow” i funduszy na nich opartych umozliwia
inwestorom ocen¢ emitentdow zaré6wno wynikow finansowych, jak i wplywu na
srodowisko naturalne. W 1971 roku w USA powstal pierwszy fundusz inwestycyjny
(Pax World Fund), ktérego polityka inwestycyjna uwzgledniata aspekty
srodowiskowe. W 1997 roku powstata Global Reporting Initiative (GRI) -
organizacja, promujaca standardy raportowania zroOwnowazonego rozwoju.

Indeksy transformacji klimatycznej wspieraja dziatania na rzecz redukcji
emisji gazow cieplarnianych i dostosowania si¢ do zmian klimatycznych. Wskazniki
te uwzgledniajg te przedsigbiorstwa, ktore podejmuja aktywne dziatania na rzecz
redukcji emisji i zanieczyszczen. Spotki gieldowe sa kwalifikowane do udzialu w
»zielonych indeksach” w oparciu o ich strategie dekarbonizacji, efektywnos¢
energetyczng oraz wdrazanie zielonych technologii.

Celem indeksow jest minimalizacja $ladu weglowego z portfela inwestycji
biorgc pod uwage trajektori¢ dekarbonizacji. Globalne agencje informacyjne, takie
jak MSCI, S&P Global, FTSE Russell oraz STOXX konstruuja i publikuja zielone
indeksy stosujac wlasne metodyki.

MSCI World Climate Change Index* opiera si¢ na indeksie MSCI World i
obejmuje duze oraz S$rednie spotki z rynkoéw rozwinigtych. Celem indeksu jest
reprezentowanie wynikow strategii inwestycyjnej, ktora wazy udziaty w portfelu
indeksu w oparciu o mozliwosci i ryzyka zwigzane z przejsciem na gospodarke
niskoemisyjng, minimalizujagc jednocze$nie wykluczenia spotek z indeksu
bazowego. W procesie kwalifikacji spotek do portfela, indeks wykorzystuje
metodyke oceng MSCI Low Carbon Transition (LCT). Wagi spotek
zaangazowanych w transformacje¢ klimatyczng sg podwyzszane. Wagi spotek

3 https://www.unpri.org/pri-blog/part-iii-esg-factors-and-returns-a-review-of-recent-
research/12728.article
4 https://www.msci.com/documents/10199/18f2379d-4306-22d6-515¢-1d3b50f94b0b
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narazonych na ryzyka zwigzane z transformacja energetyczna sg obnizane. Indeksy
MSCI Climate Change Indexes - MSCI sa obliczany i publikowany w trybie
cigglym, za§ rewizje portfeli przeprowadzone sa regularnie co kwartat. Portfel
indeks jest zbudowany z akcji 1341 spotek gietdowych. Najwigksze z nich to spotki
amerykanskie: Apple, Microsoft i Amazon.

Indeks S&P Paris-Aligned & Climate Transition (PACT)® skupia si¢ na celach
redukcji emisji dwutlenku wegla, w tym strategie efektywnosci weglowej 1
wykluczenia paliw kopalnych. Indeks S&P Climate Transition stosuje kompleksowe
podejscie do kwalifikacji spotek, taczace wykluczenia sektorowe z Kkryteriami
klimatycznymi i ESG. W pierwszej kolejnosci z indeksu eliminowane sa podmioty
zaangazowane w produkcje kontrowersyjnej broni, naruszajace zasady UN Global
Compact oraz z sektoréw tytoniu, wydobycia wegla oraz ropy i gazu .

KONSTRUKCJA | WERYFIKACJA WEASNOSCI INDEKSU
TRANSFORMACIJI KLIMATYCZNEJ DLA GPW

W 2022 roku GPW Benchmark - administrator indeksow gietdowych GPW -
opublikowat raport dotyczacy mozliwosci wprowadzenia indeksu transformacji
klimatycznej (CTB) w Polsce®. W wyniki monitoringu sprawozdan okazato sie, ze
dostepnos¢ danych wowczas na polskim rynku kapitatowym byta niewystarczajaca,
co uniemozliwiato uruchomienie reprezentatywnego zielonego indeksu. Obliczenia
wykonano bowiem dla 19 spoétek, z ktorych jedynie 12 zakwalifikowato sie do
indeksu typu CTB.

Wprowadzenie nowych obowiazkéw regulacyjnych  wynikajacych
z dyrektywy CSRD (Corporate Sustainability Reporting Directive) zwigkszyto
zakres dostgpnych danych w kwestiach klimatycznych na polskim rynku. Spotki
gieldowe maja wymog informacyjny w zakresie emisji gazow cieplarnianych
zwigzanych z ich dziatalnos$cig i majatkiem.

Metodyka zielonego indeksu dla spotek notowanych na GPW zostata oparta
na zasadach stosowanych w procesie konstrukcji globalnych indeksow transformacji
klimatycznej. Proces konstrukcji zostat opisany w trzech etapach.

Etap I. Preselekcja bazy spétek z GPW

W pierwszym etapie zdefiniowano bazowa grupe spolek, ktore brane sa pod
uwage w dalszych analizach. Majac na uwadze dotychczasowe praktyki GPW
w procesie konstrukcji indeksu WIG-ESG za takg grupe uznano spotki tworzgce
portfele indeksow WIG20 i mWIG40 na koniec roku kalendarzowego.

5 https://www.spglobal.com/spdji/en/documents/additional-material/brochure-sp-pact-

indices.pdf
® https://www.gov.pl/attachment/37befe72-439b-4553-bha85-c2f9cabb16c2
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Etap II. Kwalifikacja spolek do indeksu

To kluczowy etap, wymagajacy kategoryzacji spolek z uwagi na realizacje
celow transformacji klimatycznej. Podstawowymi dokumentami sg o$wiadczenia
poszczegdlnych spotek odnosnie realizacji dziatan strategicznych, zarzadzania
ryzykiem i pomiaréw wskaznikow srodowiskowych oraz zuzycia energii. Podmioty,
ktore nie opublikowaly o$wiadczen zrownowazonego rozwoju, badz nie okreslity
planu przejscia na potrzeby lagodzenia zmian klimatu byty wykluczane
z kwalifikacji do indeksu.

Etap I11. Wyznaczenie struktury wag indeksu

W ostatnim etapie dla spotek zakwalifikowanych do portfela indeksu
wyznaczane sg pakiety akcji na podstawie metodyki stosowanej przez GPW
Benchmark. Zgodnie z tymi zasadami pakiety akcji spotek w portfelu wyznaczane
sg w oparciu o liczb¢ akcji w wolnym obrocie zaokraglong do pelnych tysiecy.
Ponadto przy budowie portfela zielonego indeksu obowiazujg zasady dywersyfikacji
tj. ograniczenia maksymalnego udziatu pojedynczej spotki w portfelu indeksu.

Na podstawie przyjetych zatozen oraz wynikow analiz wyselekcjonowano
grupe 31 spotek, ktore zostaly zakwalifikowane do portfela indeksu. Wartosci
indeksu zostaly wyznaczone na podstawie metodyki przyjetej przez GPW
Benchmark zgodnie z ponizszym wzorem:

Pi *Si
INDEKS =
Py * Sy

*IO

gdzie:
kapitalizacja biezaca indeksu:
P; — kurs uczestnika indeksu ‘i’ na danej sesji
S; — pakiet uczestnika indeksu ‘i’ na danej sesji
kapitalizacja bazowa indeksu:
P, — Kkurs uczestnika indeksu ‘i’ na sesji w dniu bazowym
So — pakiet uczestnika indeksu ‘i’ na sesji w dniu bazowym

I, — warto$¢ bazowa indeksu (1000 punktow)

Biorgc pod uwage wyznaczony sktad portfela indeksu oraz przyjete zasady
kalkulacji przeliczono jego wartosci historyczne za okres od 1 stycznia 2024 r.
do 2 czerwca 2025 r. Obliczone warto$ci w formie graficznej sg przedstawione na
rysunku 1.
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Rysunek 1 Warto$ci indeksu transformacji klimatycznej w okresie od 1 stycznia 2024
do 2 czerwca 2025
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Zrodto: opracowanie wlasne

Analiza wlasno$ci wartosci polskiego indeksu transformacji klimatycznej
ZITK (Zielony Indeks Transformacji Klimatycznej — nazwa robocza) zostata
przeprowadzona w relacji do wybranych indekséw gietdowych: WIG — indeks
szerokiego rynku GPW, WIG20 — indeks najwickszych spotek gietdowych,
MWI1G40 — indeks $rednich spotek gietdowych oraz sWIG80 — indeks matych spotek
gietldowych.

Badanie zalezno$ci szeregdw czasowych pomiedzy roéznymi indeksami
gietdowymi jest przedmiotem wielu prac naukowych. Na przyktad Fiszeder
zastosowal modele GARCH do analizy zalezno$ci pomigdzy indeksami GPW,
aindeksami rynkéw zagranicznych [2001]. Matilla-Garcia oraz Ruiz-Marin
przeprowadzili analiz¢ multifraktalng gtéwnych europejskich indeksow gietdowych
(DAX, CACA40, FTSE100, IBEX35) podczas pandemii COVID-19 [Matilla-Garcia
M., Ruiz Marin M. 2021]. W badaniu wykorzystano m.in. statystyki opisowe,
wspotczynniki zmienno$ci, korelacje krzyzowe oraz analize wykladnika Hurtsa.
Badanie wykazato znaczny wzrost stopnia multifraktalnosci europejskich indeksow
gietdowych podczas pandemii COVID-19, szczegdlnie w pierwszym okresie
pandemii. Autorzy zaobserwowali zwiekszong korelacje miedzy zmianami warto$ci
indeksow na badanych rynkach i wykazali na istotny wzrost ryzyka rynkowego
i brak mozliwo$éci efektywnego ograniczania ryzyka przez miedzynarodowg
dywersyfikacje inwestycji.

ZhangiLi zbadali zalezno$ci miedzy ekstremalnymi warto$ciami stop zwrotu
kryptowalut (Bitcoin, Ethereum), a tradycyjnymi indeksami gietdowymi:S&P500,
NASDAQ, FTSE100 [zZhang L., Li Y. 2022]. W badaniu przeanalizowano
W szczegolnosci wspotczynniki Pearsona, Spearmana oraz test Kotmogorowa-
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Smirnowa. Wykazano asymetryczng zalezno$¢ ogonowa miedzy kryptowalutami
a tradycyjnymi indeksami gietdowymi - silniejsza w przypadku ekstremalnych
spadkow niz ekstremalnych wzrostow.

Biorgc pod uwage dotychczasowe wyniki badan zalezno$ci szeregow
czasowych, w niniejszej pracy wykorzystano ponizsze wskazniki analizy
statystycznej:

o Statystyki opisowe — m.in. $rednia, mediana, minimum, maksimum,;

o Wspotczynnik korelacji Pearsona — w celu weryfikacji liniowej zalezno$ci
miedzy réznymi parami indeksow;

e Macierz korelacji - do badania rozktadu zaleznosci dla wielu kombinacji
indeksowych;

e T Test Kotmogorowa-Smirnowa - stuzacy do poréwnywania rozktadow.

Analiza statystyczna zostata przeprowadzona z wykorzystaniem logarytmow
naturalnych dziennych stop zwrotu poszczegodlnych indekséw, za$ do badania
stacjonarnosci szeregow czasowych wykorzystano test ADF, czyli rozszerzony test
Dickeya-Fullera.

Na podstawie przeprowadzonej analizy, wszystkie badane szeregi czasowe
(WIG, ZITK, WIG20, mWIG40, sWIG80) okazaly si¢ by¢ stacjonarne. Statystyki
testowe dla kazdego szeregu czasowego sa znacznie mniejsze (bardziej ujemne) niz
warto$ci krytyczne na poziomie istotnosci 5%, co pozwala na odrzucenie hipotezy
zerowej o ich niestacjonarnosci.

Podstawowe statystyki opisowe szeregdw czasowych zostaly przedstawione
w tabeli 1. Zielony indeks transformacji klimatycznej wykazuje nieznacznie wyzszg
srednig stope zwrotu niz WIG, co sugeruje, ze w analizowanym okresie ZITK
uzyskat lepsze wyniki inwestycyjne. Wartosci odchylenia standardowego ZITK sa
wyzsze niz dla indeksu WIG, co wskazuje na wyzsze ryzyko inwestycyjne. Rozktad
zmian warto$ci obu indekséw charakteryzuje si¢ ujemng sko$no$cig. Mozna
stwierdzi¢, ze rozktady stop zwrotu obu indekséw sa przesunigte w lewo, a ryzyko
duzych spadkow (strat) jest wieksze niz szansa na duze wzrosty (zyski).

WIG ma nieznacznie wigksza asymetri¢ niz projektowany indeks ZITK.
Indeks ZITK wykazuje nieistotnie wyzsza $rednig stope zwrotu niz indeks WIG, co
oznacza, ze w analizowanym okresie indeks ZITK przynosit $rednio lepsze wyniki
niz WIG. Indeks ZITK cechuje sie¢ wyzszym odchyleniem standardowym, co
wskazuje na wicksza zmienno$¢ (wyzsze ryzyko) w porownaniu do WIG. Rozktady
zmian obu indekséw wykazuja ujemna sko$nosc¢, co oznacza, ze rozktad stop zwrotu
jest przesunigty w lewo (w strong warto$ci ujemnych). Ryzyko duzych strat jest wigc
wigksze niz szansa na duze zyski. WIG ma nieznacznie wicksza asymetri¢ niz ZITK.
Analizowane indeksy wykazuja podobne cechy rozktadu - ujemng sko$nos¢ i
dodatnig kurtoze, co wskazuje na wigksze prawdopodobienstwo wystapienia
ekstremalnych strat niz ekstremalnych zyskéw. Mozna stwierdzi¢, ze oba indeksy
charakteryzuja si¢ podobnym profilem statystycznym, z niewielka przewaga
sredniej stopy zwrotu ZITK wzgledem WIG. Z drugiej strony nalezy wskaza¢ na
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wyzsze ryzyko dla inwestycji w portfel indeksu ZITK. A zatem podwyzszone ryzyko
inwestycyjne w przypadku indeksu ZITK wzgledem WIG jest kompensowany
podwyzszong stopg zwrotu.

Tabela 1. Podstawowe statystyki opisowe szeregow czasowych logarytméw naturalnych
dziennych stop zwrotu

Wskaznik WIG ZITK WIG20 | mWIG40 | sWIG80
Srednia 0,00081 | 0,00086 | 0,00060 | 0,00091 | 0,00061
Btad standardowy 0,00067 | 0,00075 | 0,00077 | 0,00059 | 0,00041
Mediana 0,00168 | 0,00143 | 0,00086 | 0,00160 | 0,00089
Odchylenie standardowe | 0,01220 | 0,01362 | 0,01401 | 0,01070 | 0,00751
Wariancja probki 0,00015 | 0,00019 | 0,00020 | 0,00011 | 0,00006
Kurtoza 1,96425 | 1,93568 | 1,59380 | 2,16910 | 5,41489
Sko$nos¢ -0,40125 | -0,38778 | -0,28847 | -0,56796 | -0,85453
Zakres 0,10054 | 0,11119 | 0,11383 | 0,08265 | 0,07289
Minimum -0,05932 | -0,06649 | -0,06577 | -0,05167 | -0,04583
Maksimum 0,04122 | 0,04470 | 0,04806 | 0,03099 | 0,02707
Suma 0,26745 | 0,28554 | 0,19917 | 0,30115 | 0,20267
Licznik 332 332 332 332 332
Poziom ufnosci (95,0%) | 0,00132 | 0,00147 | 0,00151 | 0,00116 | 0,00081

Zrodto: obliczenia wlasne

W kolejnym etapie na podstawie wspotczynnika korelacji Pearsona badano
liniowe zalezno$ci pomigdzy indeksem WIG, a pozostalymi indeksami. Wyniki

analiz zestawiono w tabeli 2.

Tabela 2 Wartosci wspotczynnika korelacji indeksu ZITK

Wskaznik

WIG

WIG20

mWIG40

SWIG80

Wspotczynnik Pearsona

0,9932

0,9906

0,8915

0,7435

Zrodto: opracowanie wlasne

Indeks transformacji klimatycznej w najwiekszym stopniu jest skorelowany
z indeksem WIG, za$ najnizsza zalezno$¢ wystgpujace w relacji do indeksu sWIGS80.
Ponadto najstabsza zalezno$¢ wystepuje pomiedzy indeksem WIG20, a indeksem
sWIGS80. Tabela korelacyjna ujawnia istotne roznice w zachowaniu poszczegdlnych
segmentdw polskiego rynku kapitalowego, potwierdzajac dominujacy wplyw
duzych spotek na indeks szerokiego rynku oraz mozliwosci dywersyfikacyjne
oferowane przez segment matych spotek.

W ostatnim etapie badan przeanalizowano test nieparametryczny
Kotmogorowa-Smirnowa w celu poréwnania rozktadu szeregu czasowego indeksu
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WIG z szeregami czasowymi pozostatych analizowanych indeksow. Wyniki
obliczen zestawiono w tabeli 3.

Tabela 3 Wyniki obliczen testu Kotmogorowa-Smirnowa dla poszczegdlnych indeksow w
relacji do indeksu WIG.

Indeks |Statystyka testu K-S| Wartos¢ p Ocena dla Whiosek
ITK 0,069307 0,743764 | Nie odrzucamy H, | Brak dowodow na
réznicg rozktadow
WIG20 0,112871 0,218387 | Nie odrzucamy Ho | Bk dowodow na
roznice rozktadow
mWI1G40 0,148515 0,045234 | Odrzucamy Ho Rozktady sg rozne
sWIG80 0,252475 0,000053 | Odrzucamy Hg Rozktady sg rozne

Zrodto: opracowanie wlasne

Z obliczen przeprowadzonych w celu weryfikacji testu Kotmogorowa-
Smirnowa wynika, ze jedynie w przypadku indeksow transformacji klimatycznej
oraz WIG20 dystrybucji stop zwrotu ma taki sam rozktad jak dystrybucji dla indeksu
WIG.

WNIOSKI

Przedstawiona propozycja nowego indeksu transformacji klimatycznej dla
polskiego rynku kapitatowego jako odpowiedz na wyzwania zwigzane ze zmianami
klimatycznymi 1 potrzebe transformacji gospodarki w kierunku modelu
niskoemisyjnego.

Autorzy wskazujg na mozliwosci konstrukcji wzorca inwestowania w celu
mobilizacji kapitatu gietdowego do finansowania zielonej transformacji. Wykazano
luke badawcza na polskim rynku kapitatowym w zakresie indeksu koncentrujacego
sie na transformacji klimatycznej w oparciu o spotek notowanych na GPW.

Zaproponowany indeks transformacji klimatycznej charakteryzuje sie
kompleksowym podej$ciem, uwzgledniajacym nie tylko aktualne wskazniki
emisyjnosci przedsigbiorstw, ale réwniez dynamike zmian i1 dhlugoterminowe
zobowigzania w zakresie redukcji emisji gazow cieplarnianych.

Weryfikacja statystyczna wykazata obiecujgce rezultaty. Indeks transformacji
klimatycznej dla GPW osiagnagt wyzsze stopy zwrotu w poréOwnaniu z innymi
indeksami polskiego rynku przy zachowaniu akceptowalnego poziomu ryzyka.
Analiza statystyk opisowych, wspotczynnikow Pearsona oraz test Kotmogorowa-
Smirnowa potwierdzity korzystny profil ryzyko-zwrot proponowanego rozwigzania.

Badania jednoznacznie wskazuja, ze opracowany indeks moze zwigkszy¢
transparentno$¢ dzialan spotek gietdowych na rzecz przeciwdzialania zmianom
klimatu oraz stymulowac rozwoj zielonych inwestycji w Polsce. Autorzy sugeruja
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dalsze badania nad rozszerzeniem metodyki o wskazniki adaptacji do zmian klimatu
oraz analize dlugoterminowej efektywnosci indeksu w roznych warunkach
rynkowych i dtuzszym okresie.
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CONSTRUCTION OF A CLIMATE TRANSITION INDEX
FOR THE WARSAW STOCK EXCHANGE

Abstract: Climate change represents one of the most significant challenges of
the contemporary world. These phenomena result from both natural climatic
cycles and, to an increasing extent, anthropogenic activities, particularly
greenhouse gas emissions. Therefore, the role of financial institutions is
crucial, as they can accelerate economic transformation toward climate
neutrality through capital redistribution. Climate transition indices cover
companies that support climate transition constitute one of the financial
instruments that can facilitate such efforts, serving as the underlying basis for
ETFs. As a result of the conducted research, a concept for a climate transition
index for companies listed on the Warsaw Stock Exchange was developed, and
its properties were verified through analysis using selected time series analysis
methods. Based on the obtained results, it was determined that the index can
serve as an underlying instrument for ETFs, possessing similar characteristics
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to the WIG index while maintaining superior performance characteristics
compared to other WSE indices.

Keywords: ESG, WSE, ETF, Climate transition

JEL classification: G11
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